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Lecture topics
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} Entropy definition (discrete RV.): 
} Entropy of  joint variables, conditional entropy,  chain rules, properties of entropy

} Mutual information:
} connection  between entropy and mutual information

} Kullback-Leibler distance (relative entropy)

} Chain rules:
} entropy
} mutual information

} Markov chains
} properties

} AEP: 
} examples, 
} Typical events, 
} coding using AEP, 
} Expected length of codewords using AEP coding



Entropy
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Entropy: example
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Suppose we are watching cars going past on a
highway. For simplicity, suppose 50% of the cars are black, 25% 
are white, 12.5% are red, and 12.5% are blue. 

Consider the flow of cars as an information
source with four words: black, white, red, and blue. 

A simple way of encoding this source into binary symbols would 
be to associate each color with two bits, that is:
black = 00, white = 01, red = 10, and blue = 11,
an average of 2.00 bits per color.

Example



A better encoding can be constructed by allowing for the 
frequency of certain symbols, or words:
black = 0, white = 10, red = 110, blue = 111.

How is this encoding better? 
0.50 black x 1 bit = .500
0.25 white x 2 bits = .500
0.125 red x 3 bits = .375
0.125 blue x 3 bits = .375

Average-- 1.750 bits per car

A Better Code Using Information Theory



Entropy for binary random variables
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Example: weighing 12 balls to decide defective one
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Example: weighing 12 balls
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Taken from: MacKay.

Solution:



Language Wenglish
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} Wenglish is ‚similar‘ to English.

} Wenglish contains 215 = 32768 words, 
each of length 5. 

} Words are created randomly using
probability distribution on the right.   

} Number of words in Wenglish is much 
smaller than the possible number of words 
with 5 letters  (265 ~ 12,000,000).

} Notice: In Wenglish, we have more words
using highly probable letters. 

McKay page 72 !

Probability distribution of
English letters

Dictionary  Wenglish



Wenglish
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Why logarithms in the definition of entropy I ?
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Why logarithms in the definition of entropy II ?
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Why logarithms in the definition of entropy III ?
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Decomposing entropy I
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Decomposing entropy II
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Reducing entropy

} Consider the following sequence:
1 2 1 2 4 4 1 2 4 4 4 4 4 4 1 2 4 4 4 4 4 4

} Obtaining the probability from the sequence
} 1, 2 four times (4/22), (4/22)
} 4 fourteen times (14/22)

} The entropy H = 0.447 + 0.447 + 0.415 = 1.309 bits

} Since there are 22 symbols, we theoretically would need 22 * 1.309 = 28.798 (29) bits 
to transmit the information

} However, check the symbols 12, 44
} 12 appears 4/11 and 44 appears 7/11
} H = 0.530 + 0.415 = 0.945 bits
} 11 * 0.945 = 10.395 (11) bits  (138 % less!)
} We might possibly be able to find patterns with less entropy



Entropy of joint (vezana), conditional (pogojni)
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} Vezana entropija dveh (ali več) naključnih spremenljivk:

} Entropija pogojne porazdelitve

} Pogojna entropija



Entropy of two (several) random variables
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Conditional entropy - example
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Conditional entropy

Condintional entropy

joint entropy

When do we get
max. entropy ?



Chain rule for entropy
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} For joint probability we had:

} For entropy:



Proof
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log

log



Chain rule for entropy
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} This rule can be easily generalized for more than 2 variables:

In case that X and Y are independent, we have 



Mutual (medsebojna) information
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} Mutual information is symmetric:

} Meaning: In average  X tells about Y, as much as Y tells about X !



Connection between entropy and mutual information
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Relative entropy
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Proof: Jensens’ inequality.



Proof of information inequality
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Example – relative entropy
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An application of Kullback – Leibler distance
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} From information inequality we have:

} Proof: 



Relative entropy – standard usage
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Properties of entropy
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}

}

} Uniform distribution w.r.t X gives maximal entropy among all possible 
distributions of X. Equality arises IFF X is uniformly distributed. 

} equality only in the case when X and Y are independent
} More information does not hurt: If we nkow (observe) Y, we reduce

uncertainty about  X. 

} It may happen that for certain Y = y, H(X|Y=y) > H(X), but in average the 
above inequality is valid. 



Dokaz II
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Chain rule (verižno pravilo)  for entropy
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Equality above IFF Xi are independent.



Conditional mutual information and chain rule
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} Conditional mutual information is defined as

} If Xi are mutually independent, we have



Markov chains
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Properties of the Markov chain 
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Last sentence: If we know (observe) Y , then Z does not help in getting 
additional information about X, or vice versa.



Data processing lemma with Markov chain
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Processor 1 Processor 2
X Y Z

Can we get more information by processing the information through
processors (assuming that Z depends on X only through Y) ? 



Mutual information for data processing
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Proof:

Using: And:



Data processing inequality with nonMarkov chain
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Fanno‘s lemma – introduction (OPTIONAL)
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Fanno‘s lemma – introduction (OPTIONAL)
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Fanno‘s lemma – proof (OPTIONAL)
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Fano‘s lemma proof cont. (OPTIONAL)
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Weak law of large numbers and entropy
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Weak law of large numbers and entropy
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} From our hypothesis that Xi are I.I.D. random variables we get:



Weak law of  large numbers and entropy - statement
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} Thus, for I.I.D. random variables Xi we have:

We are applying above weak law of large numbers mentioned earlier



AEP statement
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} Asymptotic Equipartition Property

For a sequence of I.I.D. random variables Xi the above value converges to 
H(X) for sufficiently large n



AEP interpretation
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} AEP states, that for every              there is sufficiently large n, so that



Typical sequences having  probability almost 1
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Typical sequences - properties
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} How many sequences are in this set ?
} We use the property that the probability of each such sequence is at 

least                     .

} Since the total probability of all sequences in          is almost 1, we 
cannot have many of these. How many ?



Typical sequences properties II
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} Can we have the case that cardinality of is very small ?
} Now we use the property that any sequence in          has probality 

less than                      .

} AEP states that the total probability (for large n) is greater than          
.



Typical sequences - summary
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} Thus,  AEP for arbitrary small ε and sufficiently large n claims:
} Typical sequences have large (total) probability (almost  1).
} The cardinality of is approximately

} What does that means ?



Typical sequences when H(X) < log2 |X|
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} On the other hand:



Typical sequences
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elements:

elementov:

A subset of typical sequences is almost negligible part of all sequences but 
their total probability is almost one !!



AEP example
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Dragging 5 times one 
ball from a hat - there
are 2 white balls and
one black

Non-typical



Usual misinterpretation
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AEP example cont.
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AEP example cont.
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Other examples: tossing a coin
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Another example: casting a dice
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Coding using AEP
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Coding with AEP
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Average length when coding with AEP

UP FAMNITTeorija informacij63

Is sufficiently small if
Is arbitrary small and n suffic. large

Remark:



Example – source coding of a Swedish text
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Optimality of source coding using AEP
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Optimality:



Optimality using AEP
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In other words: 

We can encode source X, so that the average length of codewords is 
approximately H(X) for large n. With  AEP coding we can decode
Without errors (lossless coding).



Shannon‘s result on source coding
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Shannon‘s result  on coding
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Shannon‘s result on source coding with AEP
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} AEP states the following:


