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Typical Set Problem Solution

Problem Statement

Consider a sequence of i.i.d. binary random variables X1, X, ..., X,,, where

(a) Calculate H(X).

(b) With n =10 and € = 0.1, determine which sequences fall in the typical

set A™. What is the probability of the typical set? How many elements
are in the typical set?

Solution

(a) Entropy H(X)

The entropy of a binary random variable is given by:

H(X) = —plogyp — (1 —p)logy(1 —p)
Substituting p = 0.6:

H(X) = —0.61og,(0.6) — 0.410g,(0.4)

log,(0.6) ~ —0.737, log,(0.4) ~ —1.322

H(X) = 0.6(0.737) + 0.4(1.322) = 0.971 bits



(b) Typical Set
A sequence z" is in the typical set if:
2—n(H+e) < P([En) < 2—n(H—e)

With n =10, H ~ 0.971, and ¢ = 0.1:

Lower bound = 27100971401 _ 9=107T1 () 0006

Upper bound = 27100971=0-1) — 9=871 (). 00238796929

The probability of a sequence with k ones is:
P(k) = (0.6)F(0.4)'0*

We evaluate which values of k satisfy the bounds:

k P(k)

5 0.000797

6 0.001194

7 0.001791

8 | 0.002687 (excluded)

Thus, the typical set consists of sequences with:

k=25,6,7
Number of Elements
10 10 10
A0
| € | 5 + 6 + 7
=252+ 210 + 120 = 582

Probability of Typical Set

P(AN) =) (1:) (0.6)%(0.4)"07*

k=5

~ 0.201 + 0.251 4 0.215 = 0.667



Final Answers
e H(X) = 0.971 bits
e Typical set: sequences with 5,6,7 ones
e Number of elements: 582

e Probability: ~ 0.667



