Markov sources and search
algorithms



Universal source coding

Huffman coding is optimal, what is the problem?

In the previous coding schemes (Huffman and Shannon-Fano)it
was assumed that

e The source statistics is known
e The source symbols are i.i.d.
Normally this is not the case.

How much can the source be compressed?
How can it be achieved?
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Random processes

Definition (Random process)

A random process {X;}_, is a sequence of random variables.
There can be an arbitrary dependence among the variables and
the process is characterized by the joint probability function

P(Xy,Xo,.... Xn=X1,X2,..., Xn) = P(X1, X, ..., Xp), N=1,2,...

Definition (Stationary random process)

A random process is stationary if it is invariant in time,
P(X",...,Xn: X1,...,Xn) — P(Xq+1,...,Xq+n :X",...,Xn)

for all time shifts q.
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Entropy rate

The entropy rate of a random process is defined as

1
Heo(X) = lim —H(XiXe ... Xn)

n—oo

Define the alternative entropy rate for a random process as

HX|X®) = lim H(Xp| X1 Xz .. Xn—1)

n—oo

The entropy rate and the alternative enropy rate are equivalent,

Heo(X) = H(X|X®)
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Special case — independent variables

We assume that X; are |.I.D.

Hoo(X) —

and compute Hyo(X) :

lim ZH(X1.. X,)

n—oo n

. 1

nirgo;;H(X,le...X,-_l)
1 n

i, 5 2 HEX)

n—oo N

im 1H(x)zn: 1 = H(X).
i=1
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Decreasing entropy chain

Considering a stationary (time-invariant) random process, it can be seen
that:

H(Xn|X1~-Xn— ) ( n|X2 n 1) ( n— 1|X1 n 2)

where the last equality comes from stationary property (decreasing). Then

H(Xnl X1 ... Xn_1) < --- < H(X2|X1) < H(X1) = H(X) < log, | X].
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Entropy rate

For a stationary stochastic process the entropy rate is bounded by

0 < Heo(X) < H(X) < logk

logk +----

g

n
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Source coding for random processes

Optimal coding of process

Let X = (Xi, ..., Xn) be a vector of N symbols from a random
process. Use an optimal source code to encode the vector. Then

H(Xy...Xn) < LN < H(Xqp ... Xn) + 1
which gives the average codeword length per symbol, L = £ L(N),
%H()ﬁ . XN) S LL ﬁH(X1 ... XN) +lN

In the limit as N — oo the optimal codeword length per symbol
becomes
lim L = He(X)

N—oo
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Markov chain

Definition (Markov chain)

A Markov chain, or Markov process, is a random process with unit
memory,

P(Xn|X1, ..., Xn—1) = P(Xn|Xn—1), forall x;

Definition (Stationary)

A Markov chain is stationary (time invariant) if the conditional
probabilities are independent of the time,

P(Xn = Xa|Xpn—1 = Xb) = P(Xn+£ = Xa| Xppo—1 = Xb)

for all relevant n, ¢, x5 and Xxp.
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Markov chain

For a Markov chain the joint probability function is
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Markov chain characterization

A Markov chain is characterized by
e A state transition matrix

P = [p(Xj|Xi)]i'j€{1'2"",k} — [p’j]i,j€{1,2,...,k}

where pj > 0 and } ; pj = 1.
¢ A finite set of states

X € {X1,X2,...,Xk}

where the state determines everything about the past.
The state transition graph describes the behaviour of the process
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Example of Markov chain

1/3

' The state transition matrix
() o
P =
1/2 2/3
1/4
1/2 The state space is
° X € {X1,X2,X3}

3/4
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Computing the next state

@ Assume at t = 0 we have

Pb(Xo = x1) = Pb(Xo = x2) = Pb(Xp = x3) = 1/3. What about
t=17

@ We compute:

1 1 1 1 1 1 13
Pb(Xl—Xl):§X§+§Xz+§X§:%
1 2 1 1 1 14
Pb(X]_—Xz):§X§+§XO+§X§:%
1 3 9
Pb(X]_—X3)—O+§XZ %

Of course, Zf.‘zl Pb(X: = xj) = 1, in our case k = 3.
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Markov chain — state distribution

Given a Markov chain with k states, let the distribution for the
states at time n be

7 = (ngn) ﬂgn) .. n,(("))

Then
(M — 0)pn

where v(©) js the initial distribution at time 0.
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Proof

Denote WJ(") = Pb(Xn = x;j) - probability at time t = n we are in state Xx;.
Then,

" = 2" Doy + 78" gy + 1y,
forj=1,...,k.
This implies
(", 7"y = (@Y Ay ep
= ("2, 71',(("—2)) X Px P
= (m,.... ) x P"
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Example- asymptotic distribution

12
3 3
PP=1|7 O
101
2 2
20 16
72 72
p4— | 3 39
o 72 72
21 24
72 72

O MW O

36
72

27
72

N = A= W=

O dMw O

36
72

27
72

20 16 36
72 72 72
— |38 32 )
o 72 72
21 24 27
72 72 72
1684 1808 1692
5184 5184 5184
_ 1947 2049 1188
o 5184 5184 5184
1779 1920 1485
5184 5184 5184

0.3485 0.3720 0.2794)
— | 0.3491 0.3721 0.2788
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Asymptotic distribution

@ The entries in each column have approximately the same value !

8) _ (8 _ (8)

® pi; = Py, = P3; - coming to state xj is the same (does not depend
on the initial state any more)

@ In other words, for large n the probability pjj does NOT depend on ;.

o Alternatively, for large n, we get P"+1 = pn |

A B C
@ [hink about P x P" when Pisoftheform P"=| A B C
A B C

o Make sense to define lim,_s p(")

i =mjforj=1,... k.
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Markov chain — stationary distribution

Let t = (714 ... 1) be an asymptotic distribution of the state
probabilities. Then

® Z] 7Tj = 1
e 7T S a stationary distribution, i.e. TP = 7
e 7T IS @ unique stationary disribution for the source.
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Proof

We show the second part (first one is obvious). The process being
stationary we have P x P" = P"1 = P" Then, multiplying with 7 we get

(mP) x P" =7 x P",

which implies that 7P = 7.
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Which Markov chains are stationary ?

* Answer: If and only if there exists N >0 such that PN has a
positive column, i.e. all elements in this column are >0 !!



Computing stationary distribution

We need to compute the stationary distribution 7 using that fozl mi=1
and TP = w. The equation mP = 7 gives:

1/3X7T1—|—1/4X7T2—|—1/2X’ﬂ'3 = m
2/3X71’1—|—0—|—1/2><’/T3 = 79
O—|—3/4><’/T2—|—0 = T3

Solve and get : m; = 0.3488; mp = 0.3721; m3 = 0.2791.
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Entropy rate of Markov chain

For a stationary Markov chain with stationary distribution 7t and
transition matrix P, the entropy rate can be derived as

HOO(X) = ZT[[H(XQlX1 = Xi)

where
H(Xa| X1 = xi) = —)_ pj log pj

J
the entropy of row i in P.
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Proof

For Markov sources we have H(X,| X1 ... Xp—1) = H(Xs|Xn—1) and we use
the fact that

Hoo(X) = H(X|X??) = lim H(X,|X1... Xn_1).

n— oo
Then
Hoo(X) = nll[go H(Xn|X1 ... Xp-1) = nll{go H(Xn|Xn-1) = H(X2|X1)
= Z P(X1 = xi, X2 = xj) logy P(X2 = xj| X1 = X;)

iJ
= Y P(Xi=x)) P(Xa=xi|Xi =x;)logy P(X2 = x| X1 = x)

= ) H(XX1 = x)P(X1 = xi),
where H(X2|X1 = x;) = >_; P(X2 = x| X1 = x;) logy P(X2 = xj| X1 = x;).
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Entropy rate - example

55 0
p=| 1 0o 2
2 2 0
Entropy per row:
H(Xo| X1 = x1) = h(%)
H(Xo| X1 = x2) = h(})
H(Xo| X1 = x3) = h(%) = 1

Hence

Heo(X) = 2h(3) + 22h(3) + 35h(3) =~ 0.9013 bit/source symb
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Sorting algorithms
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Sorting algorithms |
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Buble sort algorithm
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Description of the algorithm
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General conclusions
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Average number of tests - comparison
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