


















2. Let the probability transition matrix of a Markov process be given by,

Π =

0.8 0.2 0
0 0.7 0.3
0.1 0 0.9


That is, there are three states S1, S2, S3 and the entries πi,j denotes the
probability of going to state Sj from state Si.

(a) Calculate the stationary distribution of this process.

(b) Find the entropy rate H∞.

(c) Denote the states S1, S2, S3 by A,B,C respectively. Consider the
extended alphabet by looking at two states so that the alphabet now
consists of AA,AB,AC,BB,BC,CC. What is the average number
of bits per symbol in this case if Huffman coding is used? Hint: Do
not forget the stationary distribution of the symbols A,B,C, e.g.
Pb(AB) means that you are in state A and going to state B.

Solution:

a) Using µΠ = µ, where µ = (µ1, µ2, µ3), and µ1 + µ2 + µ3 = 1 one gets

(µ1, µ2, µ3) =

(
3

11
,
2

11
,
6

11

)
.

b) Assuming the process is ergodic thus applying the formulaH∞ =
∑

i P (Si)H(Si),
where Si denote the states of the Markov process.

The entropy rateH∞ =
∑

i P (Si)H(Si) can be written as
∑

i µi

∑
j Pi,j lnPi,j

which then gives

H∞ = (3/11)(−0.8 log2 0.8− 0.2 log2 0.2) + (2/11)(−0.7 log2 0.7− 0.3 log2 0.3)+

+ (6/11)(−0.9 log2 0.9− 0.1 log2 0.1) = 0.613.

c) The probabilities of the symbols are

Pb(AA) = 0.8 · 3/11 = 24/110

Pb(AB) = 0.2 · 3/11 = 6/110

Pb(BB) = 0.7 · 2/11 = 14/110

Pb(BC) = 0.3 · 2/11 = 6/110

Pb(CC) = 0.9 · 6/11 = 54/110

Pb(CA) = 0.1 · 6/11 = 6/110.

Calculation of Average Bits per Extended Symbol:
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Symbol Calculation Probability Huffman Code Length
CC 6

11 × 0.9 54/110 0 1
AA 3

11 × 0.8 24/110 10 2
BB 2

11 × 0.7 14/110 110 3
BC 2

11 × 0.3 6/110 1110 4
AB 3

11 × 0.2 6/110 11110 5
CA 6

11 × 0.1 6/110 11111 5

Lavg =
1

110
[54(1) + 24(2) + 14(3) + 6(4) + 6(5) + 6(5)] =

208

110
≈ 1.891 bits

P-2 A Professor gives varying versions of an oral examination in assembly
line fashion, with students taking the exam one after the other. Each version
of the exam may be categorized as difficult, normal or easy. After a difficult
exam, the next exam will be difficult with probability 0.2, will be normal with
probability 0.5, and will be easy with probability 0.3. Similarly, after normal
and easy exams, these probabilities are 0.5, 0.25 and 0.25 respectively.

1. What is the steady state distribution for this Markov chain?

2. Find the entropy rate H∞ for this Markov chain (you might find the
formula H∞ =

∑
i P (Si)H(Si) useful).

Solution: Let’s call the states ”hard exam”, ”medium exam”, ”easy exam”
respectively 1, 2, 3.

From the information given to us in the statement of the problem we deduce
that the transition probability matrix is:

M =

0.2 0.5 0.3
0.5 0.25 0.25
0.5 0.25 0.25


a) To get the steady state distribution we have to solve (v1, v2, v3)M =

(v1, v2, v3) and v1 + v2 + v3 = 1. Multiplying the matrix we get the following
system of linear equations:

v1 + v2 + v3 = 1

1

5
v1 +

1

2
v2 +

1

2
v3 = v1

1

2
v1 +

1

4
v2 +

1

4
v3 = v2

3

10
v1 +

1

4
v2 +

1

4
v3 = v3
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1) v1 + v2 + v3 = 1

2)
1

5
v1 +

1

2
v2 +

1

2
v3 = v1 =⇒ −4

5
v1 +

1

2
(v2 + v3) = 0

3)
1

2
v1 +

1

4
v2 +

1

4
v3 = v2 =⇒ 1

2
v1 −

3

4
v2 +

1

4
v3 = 0

Substitute v2 + v3 = 1− v1 into (2):
− 4

5v1 +
1
2 (1− v1) = 0 =⇒ −8v1 + 5− 5v1 = 0 =⇒ v1 = 5

13

Substitute v1 = 5
13 into (1) and (3):

v2 + v3 = 8
13 and 5

26 − 3
4v2 +

1
4v3 = 0

Solving the resulting system yields:
v1 = 5

13 , v2 = 9
26 , v3 = 7

26
The solution, and hence the steady state distribution, is v1 = 5

13 , v2 = 9
26

and v3 = 7
26 .

b) Using the formula given to us in the problem, we have:

H∞ =
∑
i

P (Si)H(Si)

=
5

13

(
1

5
log 5 +

1

2
log 2 +

3

10
log

10

3

)
+

9

26

(
1

2
log 2 +

1

4
log 4 +

1

4
log 4

)
+

7

26

(
1

2
log 2 +

1

4
log 4 +

1

4
log 4

)
= 1.4944.
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