




























Capacity of the Z-Channel

The Z-channel has transition matrix

Q =

[
1 0
1
2

1
2

]
where

P (Y = 0|X = 0) = 1, P (Y = 1|X = 0) = 0,

and

P (Y = 0|X = 1) =
1

2
, P (Y = 1|X = 1) =

1

2
.

Let

x = P (X = 1).

Then

P (X = 0) = 1− x.

We compute the conditional entropy H(Y |X).
Using the definition,

H(Y |X) =
∑

x∈{0,1}

P (X = x)H(Y |X = x).

Hence,

H(Y |X) = P (X = 0)H(Y |X = 0) + P (X = 1)H(Y |X = 1).

Case X = 0

When X = 0, the output is deterministic because

P (Y = 0|X = 0) = 1.

Therefore,

H(Y |X = 0) = 0.
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Case X = 1

When X = 1,

P (Y = 0|X = 1) =
1

2
, P (Y = 1|X = 1) =

1

2
.

Thus the output is uniformly distributed and

H(Y |X = 1) = 1.

Substituting these values,

H(Y |X) = (1− x) · 0 + x · 1.

Therefore,

H(Y |X) = x.

Next we compute the entropy of Y .
We first determine P (Y = 1):

P (Y = 1) = P (Y = 1|X = 0)P (X = 0) + P (Y = 1|X = 1)P (X = 1).

Substituting the probabilities,

P (Y = 1) = 0 · (1− x) +
1

2
x.

Hence,

P (Y = 1) =
x

2
.

Therefore,

P (Y = 0) = 1− x

2
.

Thus,

H(Y ) = H
(x
2

)
,

where the binary entropy function is

H(p) = −p log2 p− (1− p) log2(1− p).

The mutual information is

I(X;Y ) = H(Y )−H(Y |X).

Hence,
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I(X;Y ) = H
(x
2

)
− x.

To maximize the mutual information, differentiate:

d

dx
I(X;Y ) =

1

2
log2

(
1− x/2

x/2

)
− 1.

Setting the derivative equal to zero,

1

2
log2

(
1− x/2

x/2

)
= 1.

Multiplying by 2,

log2

(
1− x/2

x/2

)
= 2.

Exponentiating,

1− x/2

x/2
= 4.

Solving for x,

1− x

2
= 2x,

1 =
5

2
x,

x =
2

5
.

Therefore the maximizing input distribution is

P (X = 1) =
2

5
, P (X = 0) =

3

5
.

Finally, the capacity is

C = H

(
1

5

)
− 2

5
.

Numerically,

H

(
1

5

)
≈ 0.722,

so

C ≈ 0.722− 0.4 = 0.322.

Thus the capacity of the Z-channel is

C ≈ 0.322 bits.
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