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Corrected Solution to Problem 3

Problem 3

From the figure, the channel transitions are:

0 — {0,1, 3},

1—{0,1,2},

2 = {1,2,3},

3 — {0,2,3}.
Thus:

® correct transmission probability is 1 — 2e,

® each connected neighboring output has probability. %

® all other transitions have probability 0. *
Hence the transition probability matrix is
1—2¢ € € 0
) PYIX) = i 1_025 1—025 i
0 € € 1—2¢

Notice specifically that

P(1)3) = 0,

so indeed there is no connection between 3 and 1.

(a) Channel Capacity

The channel is weakly symmetric because:

¢ €very row is a permutation of every other row,

¢ every column sum is identical.



. . ¢ btion is uniform: :
Therefore the capacity-achieving input distribution 18 '
: 1
P, X (.’L‘) - 4 )

The capacity of a weakly symmetric channel is
C =log, |V| — H(row).

Since there are four outputs,

log, 4 = 2.

Each row contains probabilities

(1 —2e¢,¢,¢,0).

Hence the row entropy is

H(row) = —(1 — 2¢) log,(1 — 2¢) — 2¢log; €.
Therefore,

LC(“:) =24 (1 - 2¢) log,(1 — 2¢) + 2¢ log, EJ

bits/channel use.
Valid range:

0<e<

N =

(b) Maximum and Minimum Values

At e =0
The channel is noiseless: N
C(0) = 2 bits.
Thus,
LCmax = 2 bits ‘
at
e=0



y

Critical Point

Differentiate:

Set derivative to zero:

= 1.
1—-2¢
Thus,
e=1—2¢,
giving
3e =1,
S0
.
e=g3.
At this value,
-2 =1
R 8 = 37
S0 every nonzero transition probability equals 1/3.
Then
H(row) = log, 3.
Hence
| Comin = 2 — log, 3 ~ 0.415 bits.
|
At e =
Now

1-2=0.
Each row becomes
0,3,1,0)
Thus
H(row) =1,




and therefore

o) - 1o
Final Answers

@— 2¢) logy(1 — 2¢) + 2¢ logy €]

Cmin=2—10g23atg=_;.



l.png

Solution of Problem 4

(a) There are exactly (180) + (1(1)0) + (130) + (130) = 166, 751 such sequences. These can
be encoded using [logy(166751)] = 18 bits.
(b) This is not good compression since: b
e The entropy H(X) = Jgi##®.005) ~ 0.0454 bits/symbol
e The Shannon limit is nH (X) = 100 x 0.0454 = 4.54 bits
e We're using 18 bits compared to the theoretical limit of 4.54 bits )

This part was elementary in my opinion, the explanation why is a bit harder !!

The problem is that n = 100 is quite small for this source, and we actually ¢ eal with
the sequences which are not typical at all. According to the proba bility di#tribution
we expect a single 1 to appear in a sequence of length 200, whereas encoding nontypical

sequences such as those having 3 ones in a sequence of length 100 we spend much bits ~
in encoding these (these are in majority) non typical sequences. One should increase /

n in order to deal better with this source.




1. An additive noise channel: Find the channel capacity of the following discrete

memoryless channel: .

where Pr{Z =0} = Pr{Z = a} = 1. The alphabet for = is X = {0,1}. Assume that
Z is independent of X.

Observe that the channel capacity depends on the value of a.

Solution: A sum channel.

Y=X+2Z X €{0,1}, Ze€{0,a}
We have to distinguish various cases depending on the values of a.

a =0 In this case, ¥ = X, and maxI(X;Y) = max H(X) = 1. Hence the capacity
is 1 bit per transmission.

a # 0,41 In this case, Y has four possible values 0,1,a and 1+ a. Knowing Y,
we know the X which was sent, and hence H(X|Y) = 0. Hence maxI(X;Y) =
max H(X) = 1, achieved for an uniform distribution on the input X.

a =1 In this case Y has three possible output values, 0,1 and 2, and the channel
is identical to the binary erasure channel discussed in class, with a = 1/2. As
derived in class, the capacity of this channel is 1 — a = 1/2 bit per transmission.

a — —1 This is similar to the case when a = 1 and the capacity here is also 1/2 bit
per transmission.



Ch ;
annel Capacity of an Additive Noise Channel

Problem
Consider the discrete memoryless additive noise channel

Y =X+ 2Z,
where:

P(Z=0)=P(Z=a)=1,

and
X € {0,1}.

Assume Z is independent of X.
We determine the channel capacity and show how it depends on a.

Step 1: Possible Outputs

Since
Y=X+1Z,

the possible outputs are:

X=0: Ye€{0,a}
X=1: Ye{l,1+a}

Thus the output alphabet depends on the value of a.

Step 2: Analyze Different Cases

The channel capacity changes depending on whether output values overlap.

M



Case 1: a # 0, +1
The four outputs

0,a 1, 1+a
are all distinct.
Hence:

X =0=Y €{0,a},
X=1=Ye{l,1+a},

and the receiver can determine X exactly from Y.
Therefore the channel is noiseless.
Hence

H(X[Y) =0.
The mutual information is
I(X;Y) = H(X).

This is maximized by the uniform input distribution:

P(X=0)=P(X=1)=7.

Thus
H(X) =1 bit.
Therefore the capacity is
C =1 bit
for
a #0,%1.
Case 2: a=0
Now
Z =0

with probability 1, because both possible noise values are identical.
Hence

Y = X,
Again the channel is noiseless. Hk\ N = s
Therefore
C =1 bit.



\ o

Now y_x+2  Ze{on)
Possible outputs:
x -~ 0:Y e {01},
X =1:Y € {1,2}.
The output Y = 1 can result from either input, 50 ambiguity exists. /
Assume =1)=1-p
1’(A’ - 0) = p, P(X = p-
L. A ! y } >
Output Distribution /’;.;L 14, /f{'/i \1 Y
We compute: ) 2 o -V, ¢ /
. o~ PY=0)=3 1/ VIRV -
FN 120 me s bl ; Pl222) = Y21 Y4 1
/ - P(Y = 1) = 3 ,
X Z 2 - e L
£Z0 WN ,? /V/x ,},F/ . 78 AAE*
P
ﬂ‘j\ 2/,,,‘ P(Y—2)- 2 °
Hence ] o 1=
__P 4 Z - 5
H(Y) ——510g2§—§10g22 9 lo 2 2
Since the channel noise has entropy
v ¥
H(Z) =1 bit, l =
we have _g" ¢ 8
HY|X)=H(Z)=1 Y ; ' :
Therefore [0
I(X;Y)=H(Y)—-1. | ¥ -
This is maximized at ) ) \ /
=_. i
p 2 % p(y _ {))
Then : b
PY=0=>-, PY=1==, PY=2=:-. ¥+
4 ‘ ) AT
Thus TJ\‘S ER AL,
1 1 1 1 \R® v A
H(Y)=—- log2 log, — log2 & 0\ I "
4 4 2 2 4 PRt
Compute: i 1 1 3 } R
j (.(: :)\ » L \
HY)=-+-+-=r~. m IR
2 2 2 2 ?(/\f/ﬂ);r (Y= o
: QYI)L:' y

ME >
O\ Dz ! | »
V5 RGSS e % / | o X142 -4 ) X(y—t "
. ," /h,,/ Yol ‘ ' -0 [ : ‘ __\.. - -
K ?) ’\\\\‘6A I ,;L‘;ZC (’\;w,)
(l ). 7' //7 .‘,Q[.U}()‘} oy \’é/})\
- ‘}/ 5 P, /
e Vo

oL . f/ e
\?U . /f :/j so Ply=0 -y, P?/L:‘)fl




Therefore

Hence

for

Case 4: g = —1
Now
Y =X+ 2, Z € {0, —1}.
Possible outputs:
X=0Y€{0)_1}7
X=1:Y e {1,0}

Again one output overlaps, producing ambiguity exactly as in the previous case.
By symmetry, the capacity is identical:

y': ) T/ 1 .
>\+Zﬂ" C=§b1t v
for
a=—1.
Final Answer
1bit, a#+1,
Cla=91_ |

5 blt, a = :!:1 i

Thus the channel loses capacity only when the additive noise causes overlap between
output symbols. ‘

/



2 Channels with memory have highor capacity. Consider a binary symmetric chan-
nel with Y = Xy @ Z;, where @ is mod 2 addition, and X;, ¥; € {0, 1}.
Suppose that {Z;} has constant marginal probabilitics Pr{Z; = 1} =p =1~ Pr{Z; =
0}, but that Zy, Za,..., Zy, are not necessarily independent. Assume that 27 is indc-
pendent of the input X™. Let €' = 1-H (p, [—p). Show that maX,(u, us,...om) (X 1, X2
9 nC.

., Xni Y1



Tiven
s ‘: Xi @ Zi',
with .
f’(zi = I) = p, ])(Z« = O) =] ~ P
and Z" independent of X",

Define
C=1-H(p1 -p),
where
H(p,1—p) = —plog, p — (1 — p) log,(1 — p).
We have
I(X™Y™) = H(Y™) — HY™X™).
Since

Y'=X"@ 2"
it follows that
H(Y"[X") = H(Z").

Choose X™ uniformly distributed over {0,1}". Then Y™

is also uniform,
hence

H(Y™) =n.
Therefore,
I(X™Y") =n— H(Z™).
Using subadditivity of entropy,

H(Z™ < iﬂ(z,-).

Since each Z; has Bernoulli(p) distribution,

H(Z;) = H(p,1 — p).
Hence

H(Z") <nH(p,1- p).
Thus

I(X™Y™) >n—nH(p,1- p).




6. The Z channel. The Z-channel has binary input and output alphabets and transition
probabilities p(y|z) given by the following matrix:

Q=[1}2 192] 2 ST

Find the capacity of the Z-channel and the maximizing input probability distribution.



Capacity of the Z-Channel

The Z-channel has transition matrix

1 0
ol y
2 2
where
P(Y =0|X=0)=1, P(Y =1X =0)=0,
and
1 1
P(Y:O|X:1):§, P(Y:1|X:1):§.
Let
r=P(X=1)
Then

P(X=0)=1-az

We compute the conditional entropy H(Y]X).
Using the definition,

HY|X)= Y PX=z)HY|X =ux).
z€{0,1}

Hence,
HY|X)=PX=0HY|X=0+PX=10)HYI|X =1).
Case X =0
When X = 0, the output is deterministic because

P(Y =0/X =0) = 1.

Therefore,

H(Y|X =0) =0.



Case X =1
When X =1,
P(Y:O|X:1):%, P(Y:1|X:1):%.
Thus the output is uniformly distributed and

HY|X=1)=1.

Substituting these values,

HYX)=1-2)-0+=x-1.

Therefore,

H(Y|X) = z.

Next we compute the entropy of Y.
We first determine P(Y = 1):

P(Y =1)=P(Y =1|X =0)P(X =0) + P(Y = 1|X = 1)P(X = 1).

Substituting the probabilities,

Hence,
x
Py=1)= 5
Therefore,
PY=0)=1- g
Thus,
o =n (),

where the binary entropy function is

H(p) = —plogyp — (1 — p)logy(1 — p).
The mutual information is
I(X;Y)=H(Y)- HY|X).

Hence,



I(X;Y)=H (g) — .
To maximize the mutual information, differentiate:

d 1 1—x/2

Setting the derivative equal to zero,

1 1—2/2
= — 2 =1
2°g2( /2 )

log2<1x/x2/2) —2.

Multiplying by 2,

Exponentiating,
1—x/2
/2y,
x/2
Solving for x,
x
1—=-=2
2 ~ "
5
1=-
2"
2
T=—.
5

Therefore the maximizing input distribution is

Finally, the capacity is

Numerically,

SO

C =~0.722 — 0.4 = 0.322.
Thus the capacity of the Z-channel is

| C & 0.322 bits.




