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1. Show that Q is not well-ordered under its usual order.

10.

(a) Prove that ||z] — |y|| < |z — y| for all z,y € R.
(b) Determine all z € R satisfying |z — 2| + |z + 1] < 5.

. Prove that v/2 + /17 is irrational.

Prove that v/3 is irrational. (Left as an ezercise)

. Prove that the square root of a positive natural number is either an integer or

irrational.

. Describe 3 — v/2 as a Dedekind cut of Q>0 without explicitly referring to any irra-

tional number in the definition of the cut.

Describe v/2/5 as a Dedekind cut of Q>0 without explicitly referring to any irrational
number in the definition of the cut. (Left as an exercise)

. Let o € R\ {0} and S C R be nonempty. Define oS = {ax : x € S}. Prove that

a8 is bounded if and only if S is bounded.

. Decide, without a proof, if the following subsets of R are bounded from above /below.

Give some bounds if that is the case. Find infg A and supg A, or explain why either
does not exist in R. (Parts (a), (b), (c), and (d) are left as exercises.)

(a) {0}u{z : >0} (c) {z* : z€Z} (e) {¢€Q:q> 0}

(b) {2 : z < -2} (d) {2 -2 : x>1} (f) {1-1:neN}

Let S = {2$ + 253—081(2[E) Tx € R}. Find an explicit lower and upper bound for S.
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Some Solutions

5. Let v/n =a/b € Q and a,b > 0 with ged(a,b) = 1. Then a® = nb*. Assume b > 1.
Then there exists a prime p such that p | b. Since

a’ = nb?,

we have p | a®>. As p is prime, this implies p | a. Thus p divides both a and b,
contradicting ged(a, b) = 1. Therefore b = 1, and hence

vVn=acN.

So if \/n is rational, it must be an integer. Otherwise, it is irrational.

3
7. We want to represent s as a Dedekind cut using only rational numbers. Since

<3L§>3 = 2 we define

5 1257

A={qeQ:125¢ < 2}.

This definition does not explicitly refer to any irrational number. To verify that A
is a Dedekind cut (in the nonnegative rationals):
(a) A (since 0 € A and A # Q=0 since 1 ¢ A.

(b) Contains all smaller elements: If y € A and 0 < z < y, then 1252% < 125y% < 2,
soz € A

(¢) No maximum element: For any y € A, we have 125y < 2. Since the inequality
is strict, we can choose a sufficiently small rational € > 0 such that

125(y +¢)* < 2.

Thus y + e € A and y + ¢ > y. Thus, we can always find an element of A
greater than y. Therefore, A has no greatest element.

A An
SCR | lower upper minS maxS infS supS
bound bound

{0}u{z : >0} 0 — 0 — 0 —
{2? © z< =2} 0 — — — 4 —
{® : zeZ}| — — — — — —
{22 —x : z>1} 0 — 0 — 0 —
(qeQ:q>0}| o0 N
{1-1:neN}| o0 1 0 01



