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Exgreise - Prove By MATHEMATIcAL Inbucrton ~H4T

4+ 344 5 4 ..+ (2m-DZ= M. (20-10)[2m+1)
>

TR AL m24,

PRooF. We FIRST ABBREVIATE
M
A4 2%+ (2m-1)" = > Czh—fl)?’ :
R =1
WE Next CONSIDER THe S£T S peFwed As | Follows :

n
S= { me N: S (2b-1) = o (2m-1). (2040)
R=1 3

Py CongtRueTrON S & /N . We Would Like o PRoue
THAT S = IN. To Do THIS, W& Wil PRocesd By
VSING  THE FIRST PRINCIPLE oF NATHeMATICAL
TNWCTTON

(£) [BASIs ToR THe _duerfon © | [We Neeb To Check
THT d& S. BY THe DERMTION oF S . T#S 15
EQUALENT TO CHECK THE fallowiné ERWLITY Holis:

L Gh)t e 4(24-0). (2430) < (4)
=1 3




4
LHS « 2 (20 = (24-0* e-D% 4= 4.
RES:  4.(24-1).(2.941) _ 4.(2-0).024) = 3 <.

SINCE  THE LHS oF (1) E@ms The RHS oF (#)
WEe THeEReFORe HAVE ] & S,

(@) TMdueriod STEP @ Ler W fs AN ARBITRARY
Posrrive TareéER WS4, Assoms THET e 5.
THIS M&Wws, By T#& beRiniron of S,

h
Z CQ-VL—/O 2: M ' 67’&’"4) (Zh'!"- 7> <.:I:NDUC'H‘07\J
b =4 )

a HYPoTheses

We Next Skow THT  h+1 &€ S. Nore THAT
W9

S (o) = e h g @) [am)-a]”
b=

W
= @h-q)l + [ 2(ht1)—1]*
=1

11

_  h(2h=2.(2h% 1D ,,,@M/O%

—

Y THE TnNDyeTlON 3
HYy Po T HESES

= (2ht1) -[rh(zw’l) + cum)]

3



(WO (2 )~0) (2UeH)+H) (W) (2ht3)

A, i 203)) [ 2he) [@Wﬁﬂpj |

W(2h=1) +2(2+1) — W(n+h~1) + 2(h+hsn)
""" 9 _ uh

h-
TN Lo+ 2 A +0=1-1) +3 (1) + 2h
@ = W(h+1) 4 n(h-2) + 3(h#1) +2h
I~ O
- — (w+1).(+2) + h(-2+3%)
phazkard Lawmylo
— = (). (W) & 4 (k1)
iz j:j\ol—qai-“—“m
25 = [+1) [ W3 +h)
2745+ = —  [U+t) [ 2h+d)
- ~X
Ay <= (W) (2ln)+0)
T T Fdiows FRom THe Above CoMMeNTS  THgr
W+
= Y = () (W) (3 (ki) 4)
3
b\:’l

= (W) [ 2tht) =) [2/h#)+1)
3

BY THe DEFINITION ofF S, TS SHowd THAT
i1 € S WhsneveR hhe 3.

THeRerore |, A4S OGondITIoNg () —(<<) Kot , BY



The FRIT PRINGPLE o MATHEMA TTCAL | THbycTIo
WE HWE S =N. T Te CASE, THIS MOIS

m

2 (o) = m(2m) (2 sy
=1 3
THS | ConcLudes ©ouR | PRook )|

EXERCISE : PROVE ®Y MATHEMATICAL TAMDUCTION ThAT
eAAANANCAAANN

2-
13+ 23433 . L m® = /m. CM-M))
2.

For ALL m > 4.

?[Zooﬁr,. We FirRgr AbpeegyldTE
ANAANANAN
M
124 224 2%+ L+ m = 5
=1

So, We NeEd TO fRove Fob ALL M 24,
m

2 v o= )

WE WilL Proceshd BY MATHsMATIAL THADUCTTON.



(4‘) PAsSIS ofF | THE [TADUCTION : We Vesd o
Chetk THAT  [4) HoldS luwen =4

9
LHS . Zhg::’]%s/l.

RES [Agm))‘b; (Lﬂ_fz 122 1.

WE THS Have [t) kolbs lhen  m=4.

[ic) TwpuetioN STEP. [gr he N, W>4, 4=

AssoMe  BY TmocTron  HypoTHeSeS  THAT [#) HelbS

WH'EN M::l/lc TH‘/}-T(S IS /
W

2 h-% = (‘A U’W")) i (IM&IUO‘HO/V‘-
-

Hy potheses
=2

WE NeXT ArrempPT T© PRoyE THE PeSIRED
EQuALITY FoR  W+1 :

e
Z b2 - P+ PPy P+ (h)”
b -2 h I ,
= = ko + (het)
lo=1

L O/\. Uw))?’ £ (ht)?
2

mdocton
H ¥y potheses



L OA*HT.[ U ()

= (w)h W4 4lh#)
7

()" (kb b )
4

- [QL«H) ( hH)K 9’;[@“)( [hrH)H)] -
2 2

As  we  whuTeD .

—
-—

A-CCQRDWGS TO THE PR{“AJCPPLQ oF  ITNDUCrH o /
giNee | (<) = (<2) KD, ue HAVE | THE &Ervew
EQUALITY s VALID For ALl N > 4.,

THIS CconClopES | oUR | PRrooF. Y

EXERCiss: PRoVE THAT THE CUBE OF ANy

TNTEGER AN Be WRITTEN A< THE DIFFsrenCE

-N\N

of Two SQUARES | m> = p* ﬂ.of

[Roof . We FiReT WoTice fer 4L me N,

MY = PPN A WA — o — ()



ﬁdﬂ)/ ww ) .
= | (2 - P m Q
- - ~ - N
M\ 4 _ < N 4.“, S.
+ N s = - M= N )
.” ¢ W) ol s £ 9 ¢ 3
Lwl Aﬂ = [a'l “ ] 1] I ™ (&1
PrN - Nt ) Y N ~ |® 2 w ~J
2 2 ) = L o~ o B S &
3 ‘ e AN Y o
o~ o I b // <] ), & 2 7 W
S g U s 5y ¢ 5
AR o 3 WZL) 3R wowo
P W“ N N M m = ﬂ i}
e Wb 2! A y
i = W m"/_? \m._ M 2 b ] . y
_ d = B < < T x Ry
T £ § = (TN ° S
m > M - mw 11 + J/ ~ v s~ m%
. Wb N LAY st S s &
. I S N ) sl )
+ & 3 o 2= 2 3 s ¢
o = A ¥ W =X =
n_r " <r <= ~ a\ L .....Hl
& .W; \ ‘ IUu s T c5) W M W_ ~| A
= = gy YT — b = = & F
¥ q | O ) Sld S
o=y x L ™ = N
w3 < = s 9§
i I = B D b E [ s
/ 1) N SN — = 3 = B




Principle of Sktrong Mathematical Induction

TE S =5 A ST <& NTEGERS SUuCH THHT
() 3 e S / Ahmer
(4:;);1:[: a/sRy TNTESER R WITH Qﬁhsn& PELNGS
= -

TO 5 THeN M+l e S
THEN, 5::{/”6,7\]: m;&\f-

EXAMPLE . leT Q 86 A PSITIVE ReAl NUMBER
SucH THAT 2 + _g_ s AN _TNTEGER,

PRove AT M4 L e 7 v ML m=4.
a

PRooF . LeT & BE A PoSITIVE Rei. NOMBER Suck
THAT o + 3‘4 & £ . We Wil Rocesd By xnducTi
oN M. NoTicg

<a+/ _ 9284 v L _ g% sg
e
wE Ch WRITE /\/?_Z_\

Rl Gt I



he 8 +1l e #Z we e AL & £ .
a %

THS PRoves THE BASE CAsE ofF TH=E Irbuerron:

=

/
hﬂ-/C% oR ALL

Hesume Nexer THAT ‘9

T NTESERS 44}24M we uulu, AT7TTEMPT TOo BROVE

é Z s wme. WE e

. P

cZ EEZ &F
R THE NETVE  HYPoTHESrS | THE NUMBERS
3"t y o a+d 9"y ARe AiL NTERERS

84’\ a 8 m—|

Tis IMies AT QY 4 M{H & Z.
a

Thererore, By TH&E PRINGPLE oF STRoNG  MATHsMATICH.

Tuverron ,  Tes Mmper AV L s Ay iR
&M
ftoe. 4 m=4, 7

M= A» 432 439 34l o gL 95=22"



2= 2y faxf21= 0+24-= M Iy L 40 =4V

EXAMPLE . guPPoseE THAT THE MUMBERS Am ARE
AANAAAA~—
DEVINED pbueTiveELy BY 34:1, do=Z) d3=3 AvD

(8m = Smi# Ana +8m3) Fop diL MZ4 . PRoiE

THT  am L 2™ For swsry me N.

—
—_—

28985: We FIReT NoTe SMAQM FoR. SRy

Me fA4*d]. =0 FhAcr  The TNsQuiLiTles 442,

1 =2
Q.A 2&517, ) BL 23_—_8 A’Qg ,4'Z-L TRUE 25:;‘9, .‘:;1)
2L 922 =
LetT M=y s Assyme ak Aﬂh Yoo AL 4LpLMN.

We Wik JVesxrT SHow THAT Queq <2M’M'

Py DgRiNiTION | WE HAVE

3m+4:&@+&@+&@)

WE Next OotSIdER  SomE&  CASES .

[¢) ITF M= wo HWE 8y — y+ 83 +3, .
BY TNNCTION  HYPoTHessS , Ay L 27 Recsty Qo= 2,
A3 = 3. WE THERcFRE HAvEe :
O — Q4 +33+39 = Q1+3+2 = B4+ 5
£ 2%+85  _ 6+ £ 82 = 2%
(i) TF M=B WE HAE QJi= Bg+dp+as Aud By



THE zvuerfon HYpoThes)s | Ap 425, 9,297

THEN, dg = 25 +84+2 "
) g :'/' 3 aznA 2
2°+274+ 3
L i g mezﬂﬂ\?/%“{
L 27+ 27 = 2 M2

i) We Wil Mow ConsiveR  Tie C/%'E
THeN WE OBsSeRve

WL M-12m / 4 4L N-2L £ M / YL = m
Y THe nNDuctioN HYRTHESIS , THIS Y/&Lds
=1 -
Bt £ 9™, Buaz2™" | Qa2 2"

Hence ,  Ws  HAUE

Amrl = Am + Im-| + dm-2
a QM«I— QM~1 +9_M"9-
< 9% 9y g
—9o"+ragm _a"re" o9

M+]

Then, B Ths STRowG RiNcipie oF  MAtvemaricaL
=D S TTON WE HAVE  Am <= 27 oo A m>4

TS FiNsH#es T#s  Roof, iz



EXEREISE , leT Am , m>4 Bs The SoloTion

To THe PROBLEM AdAmi1 = 1+ M, ;> 1
a
WeRs 911, ”

SHOW THAT ' < Bm £ Am'+1 FoR 4L m3).

(\DROQF . ITFE M=1| WE Not+&
V1T =2 4= 849 < 2 =49 +4
Aub | THE RESWT TS <TRUE TR Mm=4,

Ascomes  NexT THE RESILT S TRIE FOR JoME
MhenN, Mm>SA, We WAt To PROE | THAT

mEd £ Bmia & AAMET +

We oblsrveE

Amiq — AME] — 4+ _N ~miq
am

= M — (M7 =) .

3m

W Now HAVE THE FollowiNg Remiex:

[ Mm+1 —4:<~\[M+'l ~4>__—JM+1'+L -+ | |
AN -1 NME 44 JWFT +1



TH‘E?’\),
{ T N\
Qopq —\Men | = M — m = MV +1) — B,
A a1 Do W1 +1)
> M (AmEn +1) — m.Am°
Am. (\MH) +1)
Y Tueriod Hyrress
'\I&M ) ,_‘><D
T yi 1 - N
= M [A®] __ N ) > O
m{ AMET 1)
\./\,-\/L' N — 7
>o >
NoTE 4 M oy M £ Amet o Amer’ —{m > o
tenNCe +1 > a(m+q AlLSo,
M+ 41 — Bueq | =AM — M
Dm
by HfpoThES; > A — M
'\ﬁ?éam = 4 ! AL
am §on
= 1M+ — Im >So
THeW, Auen L AMEN+ 4
So, WE e SHown  THAT F  The ReESuLT TS5 TRUE
FR LoMe MEN, M>1 | THen TT 1S TRUE PR M
AS WEL —THeReFoR U Resut oLDC o0 ALs L mS>
v | LR L~ \ ] l’r]_J | v/ |l‘/]’b{/ ]74!
By THE PRINGPLE OF MATHEMATIGIL TwWDUCTIOW,



EXAMPLE : The MITHMETC - GroveTRic MEAN T NEQUALITY

ler 24,84,..., 21 BE PoSITIVE REAL NUMBERS

The ABTHMETIC MEAN oF THESE NUMBERS 15 DEFINED BY

A:: QA1+ ot oo+ Am
m

While THe GCZOMETRIC MEAN OF THESE MMBERS (S

6:._—_ (84. Q2 .|..l | 5)4«)4/”]

THE  ARSTHMETIC — CBeomeTRIC MEAN TNEQUWLITY STATES
THAT G LA A THe EQULITY G =A Hobds

ITF AW oNY =F Y9 =92 = ... = Qm.

LeT's PaoE THS ResuT By TNbuerion!

UWe will Giyvg A PRooF oF THET RESULT BY +npucTion
oN M. WE NOTE HRST THAT TF WE ARE &iveN
Ay PosiTive  ReAL  NUMBERS 24,8y, ..., 83m  Wwe
MAY  Assume | BY RSLARELLING TF WNE<ESSARY,
THAT Qa4 £ Q9 £ . £ Am. ITE THIS TS THE CASE
TheN  CLEARLY  mM.94 £ 34+ 8at...4 8m 2 M. Bm .

£

THIS  SHOWS THAT Qa4 & 8q+&t-+3n £ Au

A




WE ThS Hive QqL£ A £3m A A-39 20

dm—H~A Z o
THeRe FoRe
[A’&>(&M'4> = A +A ) — A* — 29.8m > O
THS  YieLbs A (81+2m —A) > Q4.3m . (7@

4
A PR o e q
ANDd So |, THE EeudLitY A=G& #Holbs.
Terile STEP . et m Be AN ARBITRARY TNTESER

<A
Mm> 92 . SUWoSeE THAT TS TRUE YTOR

ANY SeT ofF M-1 Posirtive ReAL NUMBERS .
LeT 34131 .-, Om BE A SeT oF M PoSITIVE RefL
VumbeRs | LeT A benote  THEIR ARTMHMEHC MetN
AN Let & Be  THEIR GeomeTRic MEM. WE
M&Y AssuME  WITHouT LoSg oF GoNERALITY  THAT
W & Qo & .. £ Amy £ O
WE NeXT ConNSIDER  THE Fodllowiés M-1 el
REAL NUMBERS . Ao, Qs, oo, Ony, Qg+ 3m —A,
SIeE 89,8m , A So , obsehie From [#) wE
HAhve Q9+ 8m— A >o.



THE ARITHMETIC Megn OF THSSE NEW NUMPERS S

At B34 ...+ Bua+ (8ntam-A) _ (344804 .-+ Om)— A
M= m—q

:—_MA"A,—': l4

M-1

THIS SHOWS | They HAVE THE SAME ARiTHMETIC MEHN
AS THE ORIGINAL M TwNTEGERS. BY The TMUCTE
HYPoTH#eSIS |
A > [81- ds. ... . QM—q(‘aq.{—am_A))—M’d"i_
So,
AM—II > 35.83. ._. Qmi [(&tan-A)

IF We Nw Muriy BY A M s [A)

Am__, AM",A > Q2.33.... Quot (9 +Am~A) A
> Q0.3 ... .81, Q9.9m — &
WE THeReFokt  fAvE G £ A .
THIS  SHWS THE TNBQUALITY TS Also TRE FOR m
WHeNsver T S TRus TOR M—-1. TiHs (ComPEeTES
ThE PRoOF  oF Ti#e INEQuALiTy BY Twbuerion.
T Neebs To b CHeckBD THAT B4 Holss

€€ 2182 -... -2n . THIS REQURES SoMc EXTRA WoRK)



LEMV‘A: FoR EVERY Reftl NMBER X y

e > 4+x

Witk EQuiiTy e AW oNy TF X =0.

THE PRoOT OF The PREVIOWS LEMMR s NOT DIFF7COLT.
foweveR | SiNce it ReQuiRes  SoNe TECHNIQUES  FRoM
CMculvs | We wite Skie it ! You Chv Do IT ONCE you
LefRn)  Apour DERIVATIVES  Awd TsiR APPIATIONS ./,

We Wik Use THE Aboc lovv TO PRove  Whew
The sautity G=#A | Holbs.

let 84,84 .-, 3 B YosiTive RepL NUMBERS = Awb [ET
A Be TheiR ARITHMETIC MEAN . Ferom THE PReviaUs

LeMmft THE FOlLlowing EQUALITIES ARE TRUE:

814 Ba _g
e A > % e, A ;%@
THAT!S 1o/ TAKING x=3k-1 , Fok BwRY 14£k<m
We  HAVE _a_h___/f
e’ % 4+(§£_4) = 3
A A



MULTiPLYiNG  THese INBQUALITIES ToGETHER, WE <Bmin

§4—~’\ &1y m _,
et et e’y Am b
A A
CONCRISRITS)
e 34. 0. ... Im
AM

We NexoT ObsseRye :
M
S :9_@—4> L 8_4-0 bt (ém_~4) = Dt Sm —~ (4%, 41)
oy A A A

A
= MA — MIJ] = M-M=0O
A
So, we HAve
Q4>+-+(%ﬁ—4>
o
/) = &£ = & }&4% om

NOTICE  THAT THKING THE - RooT e BAE
A > & Bolbg Witk EQUALITY  IF Amdony IF

Sk -1 =0 TR eVeRYy 1£k<m.
A
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