







































































































RECALL FOR EVERY POSITIVE INTEGER M WE DEFINED M

if men
As Follows

my ftp.em.pl if M

THEREFORE WE HAVE M M M 1 2 A BY CONVENTION

WE ADDOPT O A

THE FACTORIAL NOTATION HELPS US TO INTRODUCE THE So

CALLED BINOMIAL COEFFICIENTS YL FOR ANY Positive

INTEGER M AND ANY INTEGER 12 SATISFYING 0 2 KEN

WE DEFINE
M

Ya ki en n

THERE ARE MANY IDENTITIES WITH BINOMIAL COEFFICIENTS

ONE of THEM is THE WELL KNOWN PASCAL'S RULE

1 In Mtf keen

WE ARENOW READY TO ANNOUNCE THE BINOMIAL THEOREM

WHICH IS IN REALITY A FORMULA FOR THE COMPLETE EXPANSION

OF fat b
M

M 21 INTO A SUM OF POWERS OF 2

AND B
M

atb E 1 a b
12 0

THE BINOMIAL THEOREM










































































































EXERCISE IF M 24 AND ZEKE M 2 SHOW THAT

111 1131 2 1.71 112

SOLUTION WE WILL USE THE PASCAL'S RULE WE OBSERVE

IN mid II
In51 1111 1177 17

In51 2.1171 113
EXERCISE FOR M 7 PROVE

1 2 7 2 1 t t 2 Mm 3

SOLUTION WE WILL USE THE BINOMIAL THEOREM BT

WE FIRST OBSERVE

11 2.17 22CI t t2m.lM I 2k

THEN NOTICE

EE L 2K Io Mk 2K in k Gta 3M
BY BT

THE RESULT FOLLOWS

EXERCISE FOR M 7 PROVE

1 1 1 1 t 71 11 131 2










































































































SOLUTION LET MZA BY THE BINOMIAL THEOREM WE OBSERVE

a SELL o
Mn nk.in k Gta 2M

G Ioan I Mn tn nmEccntDm om o

BY 7 AND 2 ABOVE WE NEXT OBSERVE

M
2

o
1 Eocask.tn Eo ntfs4 Lz

NOTE THAT It C 1 k L 2 if k is even
0 if K is odd

THEREFORE

E Entail Ya g2 I
2

THIS SHOWS THAT

E I 11417 11 t 21 2
c KEM
Keven

SIMILARLY FROM 7 AND 2 ABOVE WE HAVE

2 Each Eocask.lk Eli GM 2

OBSERVE THAT 7 C 1 ke f 0 if k is even
2 if K is odd

THENI

1 HIM 1 2 I 2M
OEKEM
k odd










































































































WE THUS HAVE

E Y 1 HY HE t 21 2
a KEM
k add

THE RESULT FOLLOWS

EXERCISE DOES EXIST ME IN SUCH THAT

1 21Mt61M.CM 7 C 1 1
Mtl 2oz

SOLUTION WE FIRST TRY TO REWRITE THE LHS
OF THE ABOVE EQUALITY USING BINOMIAL COEFFICIENTS

NOTE THAT Mo 1 nm n Cf MlgMiff 1

THEN WE CAN WRITE

1 In EminH tenth no I III thiff mm
so OUR PROBLEM IS TO FIND ME IN IF THERE EXISTS

SUCH THAT

fit I Ion
TO DO THAT 1 WE OBSERVE

It ma mfa CLIP h

Mf th M
kn k M K

fit anti'T'm'ini It CHIH










































































































WE THEREFORE HAVE
k

E ii YIN E.ontiilmni.tl
MH j n
E C n

j htt j mtn YM

Eiichi.si.cn p
in Eiichi.cn D

WE NOW OBSERVE

EIcnicnjy cni.cnotytiiicnicn.gg
Mtl

at Earls yj 7

THEN

tag easily.my IE'otasily.tn 1

IT FOLLOWS FROM THE BINOMIAL THEOREM THAT

It cbing.tl mga eminent decently_om o

HENCE WE GET C 1 I Myth 1

THIS IMPLIES










































































































E it Cmn
n Ethnicity my

THEN M 2020 SATISFIES WHAT WE WANTED

2020 k
E CLI Mn zozott 2127k o

EXERCISE FIND THE COEFFICIENT OF XM IN

THE EXPANSION of 4 3 2
2
12

SOLUTION BY THE BINOMIAL THEOREM

Each k.cz
2 k

o
eL X3k.C2j2

k k k

IL kz
2k.x3ktC

27rCe2 k

THEN WE NEED TO FIND RE IN SUCH THAT 3kt 2 121 11

NOTE 3kt C2 12 k 3k 2412k 5k 24 So
5k 24 17 deep 5k 35 an k 7

THEREFORE THE COEFFICIENT OF X EQUALS

tf C 2
t

z C2
5

792 C32 25344










































































































EXERCISE FIND THE COEFFICIENT OF 2554 IN
9THE EXPANSION of 32 b

3

SOLUTION BY THE BINOMIAL THEOREM

sa by
9
Eaff C3aYf349

k

L 3kak.GD9k.be
k

39 k

o
k 32k 9 c a

9 k akbar
k

b 4NOTE THE COEFFICIENT OF 2b IS OBTAINED IN THE

ABOVE SUM WHEN 12 5 WE THEREFORE HAVESUCH

COEFFICIENT is

19g 325
9
CD f 3 C234 126.3 378

MIDDLE TERMS THE MIDDLE TERM DEPENDS UPON THE VALUE

OF M If M is EVEN THEN THE TOTAL NUMBER OFTERMS

IN THE EXPANSION Of Catb M is Mtl odd HENCE

THERE IS ONLY ONE MIDDLE TERM THE Myth TH TERM

If M is ODD THEN THE TOTAL NUMBER OF TERMS IN

THE EXPANSION OF Atb is Mtl even So THERE
ARE TWO MIDDLE TERMS THE Hz TH TERM AND
THE Mtf TH TERM










































































































EXERCISE FIND THE MIDDLE TERM IN THE

EXPANSION OF 22 X by 112

SOLUTION SINCE THE POWER OF THE BINOMIAL IS EVEN

IT HAS JUST ONE MIDDLE TERM WHICH is THE 7THTERM

NOTE 7 12 1 BY THE BINOMIAL THEOREM

fax b.az
2
EaolY C2axjkfzbY2

k

oCK 2k.ak.xk.cnyl2
k
b
2

71 712 k

K 2kCe
h ah b2 7 3224

THEREFORE THE MIDDLE TERM IS OBTAINED IN THE

ABOVE EXPRESION WHEN k 7 7 6 So WE GET

ftp26.26 b X
6 59n36a6bb

6

EXERCISE FIND THE MIDDLE TERM IN THE

EXPANSION OF Pf Xp
9

SOLUTION SINCE THE POWER OF THE BINOMIAL IS ODD

WE HAVE TWOMIDDLE TERMS WHICH ARE THE 5THAND6TH

TERMS BY THE BINOMIAL THEOREM WE OBSERVE

f tE
9
Each

k 9 k










































































































9
E L pk

pg k
X
9 k

ke Xk

o
L pH9

9 2k

THE 5TH TERM IS OBTAINED IN THE ABOVE EXPRESTON

WHEN k 4 THAT is

f E 126

SIMILARLY THE 6TH TERM is OBTAINED WHEN 12 5

AND is GIVEN BY

Eg 126

EXERCISE FIND THE NUMBER OF TERMS IN THE

EXPANSION OF X y z

SOLUTION WE WILLCOMPUTE THE NUMBER OF TERMS IN THE

EXPANSION OF Xt Y 2
M
FOR AN ARBITRARY M C IN

BY THE BINOMIAL THEOREM WE OBSERVE

Cxtytz
M

Xt Cytz E 1 xkcytzlm
k

E.CI xk.fEocmj k yi.zn
k i

EoEo E njtyxk.yi.zn
n.si

SUPPOSE NOWTHE VALUE OF K is FIXED THEN WEHAVE
M kth POSSIBLE CHOICES FOR j ONCE WE CHOOSE










































































































THE VALUES OF K AND J THE VALUE OF THEPOWER

OF Z is DETERMINED SINCE WEKNOW M k j
IT FOLLOWS FROM THE ABOVE COMMENTS THAT THE

NUMBER OF TERMS IS GIVEN AS FOLLOWS

Ego KH Io Cnn E k

MH Mtl M MII

Mtn Intl my

MH Mta

2

THEREFORE WHEN M 2027 THE NUMBER OF TERMS

IN THE EXPANSION OF Xtytz
2027

is

2029 tf 20211 2 2022 2023 2045253
Z 2










































































































1 EACH OF THE NUMBERS 1,3 6 10115,27 REPRESENTS

THE NUMBER OF DOTS THAT CAN BE ARRANGED EVENLY
IN AN EQUILATERAL TRIANGLE

r

4 1 22 3 73 6 t4 10

5 15 t6 21

THIS LED THE ANCIENT GREEKS TO CALL A NUMBER

TRIANGULAR IF IT IS THE SUM OF CONSECUTIVE

INTEGERS BEGINNING WITH A WE OBSERVE

tn h the 1 21 314 10

tze 11 2 3 t 5 11 2137415 15

ts 11 21 3 6 t6 11273141576 27

PROVE THE FOLLOWING FACTS CONCERNING TRIANGULAR
NUMBERS

d A NUMBER is TRIANGULAR if ANDONLY if it is of

r c

Exercises: Triangular numbers










































































































THE FORM M Mtl FOR SOME M A
SOLUTION

2

D LET t BE A TRIANGULAR NUMBER THEN BY
DEFINITION THERE EXISTS M C IN SUCH THAT

1 1t2t t M 17th WHICH MEANS THAT
n

te E k Mcnitt
K I 2

AT CONVERSELY IF FOR SOME M 27 WE

HAVE t M CMH THEN te 1 24 t n
2

WHICH MEANS THAT 2 is SUM OF CONSECUTIVE

INTEGERS BEGINNING WITH 1 THEN t is
TRIANGULAR

b THE INTEGER M is TRIANGULAR if AND ONLY if

8 Mtn is A PERFECT SQUARE

f SUPPOSE FIRST THAT M is TRIANGULAR THEN THERE EXISTS

C IN SUCH THAT M t Etl THIS SHOWS THAT
2

Mtl Ht ttt ti 4t2t4tt1 Etr 2
SINCE

2tt1 C IN it FOLLOWS THAT Mtn is A PERFECT

SQUARE
ASSUME NOW THAT 8MM is A PERFECTSQUARE

THEN THERE EXISTS AN INTEGER P SUCH THAT
102 8 Mth NOTE THAT 8MM is odd THEN P2
is odd AND so THERE EXISTS qG IN SUCH THAT
10 29 9 HENCE 2719 8Mt 1 IMPLIES

492 49 7 Ente WHICH YIELDS 49449 8me










































































































WE THEREFORE HAVE

M 49447 49 9 1 9 FH
8 8 2

THIS MEANS THAT M is TRIANGULAR

c THE SUM OF ANY TWO CONSECUTIVE TRIANGULAR NUMBERS

is A PERFECT SQUARE

SOLUTION LET P ANDG BE TWO CONSECUTIVE TRIANGULAR

NUMBERS THEN THERE EXISTS MEIN SUCH THAT D MIMI
AND g Pt Mtl MIMI MH MH nta

2
THEN WE OBSERVE

Ptg meant Intl Mt2 Mtf Mtcmt2

Matt Intl Cute 2

THEREFORE Ptf IS A PERFECT SQUARE

d If M is TRIANGULAR THEN 25Mt3 is TRIANGULARASWELL

SOLUTION SUPPOSE THAT M is TRIANGULAR THEN THERE

Exists t C IN SUCH THAT M tLtte So

25Mt3 25 tilth 3 25 tctti 6 25T't 25T 1 6
2 2 2

NOTICE 25 C21251 6 52 52 2 t 152 1 6

52 52 2 t 3C5Ef2
52 2 C 52 3 Mcnutt

WHERE M 5tt2 C IN










































































































THEREFORE 25m43 Mr Curti AND so 25m43
2

is TRIANGULAR

e IF tn DENOTES THE M TH TRIANGULAR NUMBER

PROVE the MII FOR M2 1

SOLUTION BY DEFINITION

Tm Hat m yk Mcmath mate

f FIND THE SUM OF THE FIRST 2027 TRIANGULAR NUMBERS

SOLUTION LET tm DENOTE THE M TH TRIANGULAR NUMBER

LET 52027 DENOTE THE SUM OF THE FIRST 2027 TRIANGULAR

NUMBERS WE NEED TO FIND 2027

52021 ta tort tst t tsorottson E th
k 7

BY THE PREVIOUS EXERCISE WE HAVE

Some th Kath ht k L teth

WE THEREFORE HAVE
2027 2027

52027 21 E k t 21 E kKen k 7

M
RECALL FOR EVERY MEIN WE HAVE E k M Mtl

key 2
So WE JUST NEED TO FIND A FORMULA FOR

M

K2
Ken

TO DO THAT WE OBSERVE










































































































k n 3 R3 3k 3k 1 p k3 k n 3 3k2 3kt 7

THEN k3 k 1 3 3h2 3kt

NOTE THAT

k3 ka yk3 Eyck123
M M n

Ek E j3 j k n
key j o
M n n n

E k't m 03 E j's m
ko7 j 7

SO WE HAVE

M3 Ek's ht 13h2 3kt r

m m m
32h2 3 Ek t E r
been key Ken

M
3 Ek 3 M Mtl t M n
Ken 2

THEREFORE
m

3 Ek M't 3M Mtn n
KEI 2

M M't 31M 17 n

M 2 M2 1 get31m71

MII ti ML 31Mt










































































































M Mtn 2cm a 3
2

M Mtn 2Mt
2

M
THIS SHOWS 2 K2 M MH 2Mt

Ken 6

HENCE WE GET
2027 2027

52027 21 E k t 21 E kKen k 7

21 2021 2022
2.202717 t 21 2027 20226 2

21 202122022 2.20327 7 7

21 2027 2022 2 202717 3
2 3

1g 2027 2022 2 20271 2
2 3

2021 2022 2023
6

g PROVE THAT THE SUM OF THE RECIPROCALS OFTHE

FIRST M TRIANGULAR NUMBERS IS LESS THAN 2

SOLUTION LET EM DENOTE THE M TH TRIANGULAR

NUMBER OBSERVE ITS RECIPROCAL is 1 En
RECALL ALSO THAT tm Mtf Mcmath










































































































THEREFORE WE HAVE In m m n

WE NEXT CLAIM THAT In 2M MZ r

TO PROVE OUR CLAIM NOTE THAT

MINH Am t mtg A MH TBM
Mcmtn

CATB MtAMCMt 7

THIS MEANS THAT ATB 0 WHICH YIELDS
A 1

A 1 Be 1 THEN WE SEE THAT

1
McMtn In y

Mtn

so THIS IMPLIES THAT

In mehta T MI AMEN

COMING BACK TO OUR MAINQUESTION WE NEED TO FIND

In E nitens Eaff Ea
E E










































































































f t 2ft t t E t 2M

z z En Zn Fa
2 m2 217
2 Mtm 1 2M

Mt 7

NOTE THAT ML Mtt AND so M L T
Mtn

WE THUS HAVE

M
1 2M 2 M 2.1 2
the Mtn Mtn

ker

THIS COMPLETES THE PROOF

h LET tm DENOTE THE M TH TRIANGULAR NUMBER

FIND that troozttlooy 1 t 2020 1 2021

SOLUTION RECALL THAT tm Myth FOR EVERY ME IN

So tzm 2m11 2MHz 2M 2Mt 2M

WE THEREFORE HAVE t2m 4m24 2M
NOW WE OBSERVE

1010

looottloorttlooy t t 2020tt2o21 t2k 1 torn
500










































































































1010
WE FIRST COMPUTE THE VALUE OF E t2k

500
NOTICE THAT
1010 1010 1010 1010

E take 4k2t2k 4 E 122 t 2 Ek
k 500 k 500 k Soo k 500

RECALL FROM PREVIOUS EXERCISES THAT WE ALREADY KNOW

FORMULAS FOR THE SUM OF THE FIRST M SQUARES

NUMBERS AND FOR THE SUM OF THE FIRST n NATURAL

NUMBERS NAMELY FOR EVERY MEIN WE HAVE

y
k Mcmath

y
K2 Mint 2Mt'D

THUS WE GET
1010 1010 499

k ER ER Toro nom 499.500
k 5oo k 7 Ken 2 2

510555 124750 385805

SIMILARLY
1010 1010 499
E k K2 E bi
K 500 key k 1

1010 1011.2021 499.500 999
2 6

1037837655 47541750

990289905










































































































WE THEREFORE HAVE
1010 1010 1010

ten 4 E 122 t 2 Ek
k Soo k 500k 500
4 990289905 2.385805

3967937230

HENCE IF toooo tthoz tt 1004 t t tzozott2021 IS
WE HAVE

1010

S E tak t 2021
he 500

3967931230 t 20221
1

3967937 230 f 2021 2022
2

3967931230 t 2043231

3963974467
























1 FOR M 2 PROVE THAT

31 13 11 t I mts

2 FROM n AND THE RELATION M2 2 Mf M

FOR M 22 DEDUCE THE FORMULA

12 22137 1 M2 Mcmt 2m71
6

3 FIND THE EXACT VALUE OF

50.511 51.521 52 53T t 198.199 199200

BY USING THE PREVIOUS FORMULAS

H FIND THE EXACT VALUE OF THE SUM

212 1 FOR EVERY M 2

Extra exercise for practising 


