THE BINOMIAL THEOREM

Rechll  FoR 6VERY PosiTiE TNTEeeR. M |
ks  Follows:

we DEFiNen ml

4 'T’ M=
mb —
M. (ma)! £ m> 1

THEREFRE WE Mg M = M. (m1) . 9.4 . By Coweuray
we  AbddoeT Ol = 4.

THe FhAcToRifl NoTATION HELPS US T© NTRODUCE THE So

CALled  BinomiAL  Coe FRicienTsS [‘,2) Tor ANY PosiTivE

m  AND  ANY TNTEGER R SATISFYInNG
We Derine

INTEGER OLkim ,

m> S m!
R R! (m-1))!

TheRe ARES  MANY oDeNTiTed WITH BINOMIAL CosFfRiclrenTs .
wer] —known — PAscepL's Rule .

(’2) + (RTfl) = <m+/’) 1Lkzm

R,

ONE of THeMm S THe

WeE ARe Now Refdy TO  AUNOUNCE  THe BiNnOMIAL THEOReM

WHICH S N ReALITY A FORMULA FOR THE cOMPLETE EXPANSION

m
oF [8+D) ;] M>24 , Tnto 4 SUM oF PowgRs OF @
AND b o

(3+b)" = ? (2 3 ™"



EXERCISE : TF
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mzHy AN> 2£Lb< M-2 | Show THAT
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SoluTioN: We WL vse THE Phscar's Rule. WE oesspyc
(M - [ w1\ m—/:)
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ExXERCISE

or m;ql FrOVE

(/g) L 9.(2W)+ 2 (M) ot 2”’.(;7) = 3"

SoLyT(oN @ WE WilL USE THE BINOMIAL THeOReM [5"’>-

We Eioer obsepye

m
t 3

()2 ()2 (24 2"00) = 2 ()2
THew, NOTICcE y

i k. k. m-k m M

= (§)-2 -z (1) 271 %yzarr(%q) = 3"
The Resulr FoLLows. B
EXERCisE : TOR m > , FTrROVE

m
3]

M
2

M
u

M
o

(3)+ )L (8) = (D)) L3)r =27




SoluTioN . et mz4. By THe BInoMidL THEOReM We OBscRiE

m m . "
() Z_ UQ) - =) 2" e T 2"

h =0 =0

Mm—

m m . " m
(2) éo )" UQ); éo MD'H) A = () +1) = 0"

O

BY (1) And (2) 4Boe , we NEXT OBRSERVE

"5 (1) + 2 (ot () = Z [ et (7))

=0

Note THAT 4+ [-4)h -] 2 it bis een,
e, it kR is odd .

THeke Fore

%OHHJ)*‘].(/Q): OLhLma [ )

k. evem

THIS SHOWS THAT

Zen () = (B)HR)H ()

Iz euem

G

2_:

H

Smtmmy ; FRom (4) AV (2)  Apove we HAVE

S () - Z et (E) = 2 ()

h:o iL::O
Opschic  THAT 4~(—4)’2: % O it kb Is cven,
2 & B is odd .
TH"GN;
91— (-1)" 2. m) - 2™,
Z [ [ (= ) (’l



We THUS HAvE

m m=17
2o (1) = (A +E)r- =2 =27

k. odd

The ResulT  EolLows. B

Exercise - Does EXisT me N socw THAT

4 Lmedmima)_ 4 (D" = 4 2
2 6 M+ 1 2029

SoluTioN: WE FirsT TRY TO REWRITE THE L#S
OF THE ABOVE EQUALITY UsING  BiNOMIAL CoeFR(cienTs.

NoTe THAT (/OV/).: 1, (M) =m, (Z_’) =l {#-1) ,[ﬂ/g):a
Then | WE CAN WRiTE

L s m(m-)— .+ (-0 =(m) —i(/”) +i(M)~_..+J~_’l)j(m)
2 6 M+ 1 %) PR W 3\ myq M

4 —

So; OOR PROBLEM i TO FiNdD me N (iF THERE EXiSTS)
SUCH  THAT

° (-0° m 1
= L0 (R) = =%

TO DO THAT ;| weE OBSzrUE

A ‘(\M>: 4 (M) M>

k449 R M+ o+ R
- 4 (. m!
N+ Req R (m-R)]
- 1 (m+1)! — 4 /M—M)
My 17 (k+a) ! (m=k)! M+ Rt



WE THeReroRE HAVE

m b m k.
= e U) = 2 ) -
mt 3-1
_ (-1) (MM)
(\):'YH-’I) 3= M+ J
Y
= [—’))‘) . (M“}‘/,)
j="1 M+ J
= —_{ gl C«v)J.. (nmkl
mM+q  j=1 J
We Mow oRscRue et
oy N [ m+l (_4)0 mt?) + = (~!)J M+
= i) = e (1) Z o)
Q m+
= 4+ 2 i (‘“*’)
THeN e . m+( ,
LoV mta) — = (-q)) 7" —
\% ! (\]’+) J';o f (MJ—}—) 7

T Follows TFRoM THE - B/WOMIAL  THeoreM THAT
Mo , M+ . . "
é o\ [ ) M+ NIRCASAaN M
-\O(U[f )~ NZ( .)M)% ;((~7)+4) =0 =O.
J= J =<

M1

Hence W& GeT = 1D (MM) 4
d=1 J

THIS  (MPLleS



m

2 o (3)

%_ //M+’/)

M+7 /w+4 ‘

THenN ;| M= 2020 Saris Fes  WHAT wWe WANTED

2020 h.
= (=1 ( M> - 4 -7 . R
b =o A+ R 2020 f 9 2029

EXxeERCIsE : FIND THE COEFFICIENT oOF xM TN

THe ExPAN Sion) oF <><3- 2_>”2‘
x?/

SoluTionN: BY THe BINOMIAL THEOREM |

5 0 (2 . 2\R ~ (1—k
(P-2)" = 2 (00 ()
(2 ) 2-h (2—~b

) { 9
ki(f)X NEN IS

=0 R
_ ((Q> tz-h

Then, we Need To Fis  Re N SucH THAT Bk +(-2)(12-k) =1,
NoTe  3h + (D(12-k) = 3 =242k = 5R—-2 | 5o,
Sh—- 2 = 11 4 Bl =325 4 =7,

T r&g@g?ng THE CocERicienTt °F X1 saquarg

[” £~1> (42 C~2)5 = 792L.(-2) = —2534y. |

{

It

BM D). (-0



ExeRCicse : FiND THe CoeFFicieENT oF /5 h?Y on

THe ©exPAn Sion ofF (3& — £.> 7 .
3

SoloTieN : By TiHe BiNOMIAL THEOREM
q

2-8)'s 2 Qe

\

2 b b 9k G-k
= 9)3.9. 6D - b
é (Pa,> 27k

(7). SO L

Mo

~
]

O

5
Notc THe oosepicienT oF 3 'DL/ < OBTANEDd TN THE
Aove  soM  WhHeN  hR=5. We Tieperope #Avs Suck

COEFP\“CIQ\JT s
2.5-9 9-5

(6>.3 - = (9) 3.C~ﬂ>l7: 126.3 - 3728, B
5 5

MibdbLe TERMS: THs Mibble TeRM bepenps Upow THe VALue

O M . & M s even, THeN THE TOML NUMBER of Tepme
TN THe &xPANSTon  OF (a+b)” s m+4 [odd ) . Hence,
THEREe S oply onNe Midbble TERM . THe (__2_1.4) ~TH% TERM.
TFE M IS odd , THEN THE TOrAL NUMBER OF TERMS TV
THE ExpANSion  OF (Q+b)" is  mig (evem). So, reers
ARe  Two MIbBLE TERMS : THE C% )Fv-q TERM  AD

THE CM+3>,T—H TERM
2-



ExeRCices : FiND THe Mi{bbLE TEBRM TN THE

EXPANSTON  OF (2&>< — b >”\
;<9—

SoLutionN : Since THe PoweR OF THE BiNOMIAL TS Evew,

IT Hhs TUST ONE  MIDDLE TERM (Hick [S The R0 ’

Nore 3 = 42,1, BY T#e BinomiAL Theorer
2
12 (2 3 12~k
28X — b \ _ (2) (25x (:h.
( ?> - [QZ:;DKQ)C > 2
(2 b b _
h bk 12 2 —27) f2—k
- = ()2 e KT
k=0
(2
k. (2-k v 12-k  3p-24
= Z_. ({;f’>-Q_,C"l> ~&l0 . X
h=o
THereFORE | THe Mibhle TERm 1S OBTAINED N THE
ABvE  cxPpesfoN  WheN R=3F-1- 0. S0, we ReT
L b
(12)29‘&6.\4).)( — 59136 3%b° , B
6 <&

ExeRCices : FiND THe Mi{bbLE TEBRM TN THE

EXPANSTON  QF P+ x G}.
X P

SoluT(oN . Since THe PoweR OF THE BINOMIAL 1S S

WE HAVE Two MibbLe TEBMS  |HicH Are Twe o™ gun 677

TERMS. BY THe BINOMIAL THEOReM , (o€ ORSeRUS

g2 ZWEET



11
M-
[ G——
o
~_
BY;
)
T
-9
X
3
()
e

Toe S™M_teeM 1S oeTANEd N THE Abve EXPRes/on
WHeN ho=y. THAT =y

s = #ep

SILARLY | The 67" TeeM (S oerawes when k=5
Am S &ruen fE))f

3% = oo .

EXERCISE : FiIND THE NUMBER oF Terms TN THE
EXPANSTON  QF (X+7‘+2)

2021

SoluTtow) :  WE WILL CoMpyTE THE NUMBER OF TEpmMS N THE

£ XPANSIoN ov C><+\/v/~2-)M Cop. AN ARBITRARY M &N

PN THe BRivomiAl THeREM WE  OBSeRuc
(X2 (><+ C\/H:)) (’”)Xk(w%)w
- g (1) " ( (”)7 )
2 S (e Kyt

*—-O \\.::O
SUWosE Now T UAue oF R is Pixep. THen , we #vc

m-R &1 Possible Choices For | « ONCE WwE CHoose



The \Vhoes oF b A | , The Vhue ofF The Power
oF 2 s DeTeemined 4Lince We KNow m, k| .
TT follows TFROM The APVE COMMENTS THAT  THE
NUMBER  OF TeRMS s Giuen A4S  Tollows:

m o m
_ _ — b
2 ) = 2 ) = 2
— () (mH) — m(me))
2
_ @/Hq) [ (1) — /Q_]

—  [mE]) [(m*2)
9

ThepeFore | WHeN M= 2027, The NouBeR oF TZpMS
IN The exPaNsion  of  (x+y+2)°7 7 g

(2024 41) (2000 42) . Zo22.2023 _ 2045253 . [
2 2-



Exercises: Trianqular numbers

@ EACH OF THE NUMBERS 1,3, 06,49, 45,27 .. ReprESENTS
THE NUMBER OF  DOTS THAT CAN BE ARpANGED Elenly

T AN EQULATERAL  TRMWMNGLE :

[ ]
([ ] o o
® o o e o o
( J e O ® o © ® ¢ o o
’t/l._/[ te=2 +ta- 6 t‘f—- 10
o
([
([ ] o
¢ o ® o [ ]
¢ o o oo o ©
® o o O ® 0o o0 0 o
® ¢ ¢ o o ® 6 © o o o
THS Lled THE ANClenT GreckS To CALL 4 NMBER
TRIANGULAR \F T IS THE SuM of ConSecuTivs
INTtEGERS ;| BEGINNING  WwiTH 4. WE oRsgruc
tq =4 by = A+24244 - (0
te = 1+2L =3 ts= 4+2+>t44+5 _ (5
ty = 1+243 <= b o= 14245444546 = 29

YRoUE THE Following TACTS ConCepninb TRIAGILAR

NUMP)ERQ:
(a) A NOMRER e TRUANGULAR {F Anb ONLY (E it 1S oF



THE HOEM A(é“_il Fop SoME M >
SoLuTioN:
Czb} leT £ BE A TRANCWAR NOMBER . THeN, By
DefRiNtrion, THSRE &xisTs M &M SuCH 14T
= 442+ .-+ (u~{)d o WHICH MEANE THAT
Fe = k= _m(ms)

h—:? 2
(4:—) ConveRsely ;, TF ToR SoME M 2q, wE
HAVE £t = m- (M) THeN E= AF24F an

2
WHTCE MEANS THAT £ 1 SuMm OF ConSecuTtie
TFNTECeRSs | PESINNING wiryg 4. THEN; £ 18
TRiANGULAR .

(b) ThE inTecerR M IS TRIANGULAR i€ Avb Only iF
M+l s A PeRFecT SQuARES.

[:b) S0pposE FIRQT THAT M TS TRANGUAR. THEN, Theke &xisTS
e N socy THMT M= £ (660) | TS ShowS TesT
BM+1 = HE [EH) +1 = lz’fb?’:-/-l(ﬁ—w :C%«M)Z_ SipCE
2E41 € N |, T FoLowsS T™MAT  smeqd S A PeRFscr
SQUAIRE
@_——,> ASSUME Now AT Smil 1S A PERFXT SeuARS .
THeN, TheRe exiSTS AN INTEGeR P Sucks THAT

PE= 8m+a . NoTe THAT &Emdn ie odd | vhepn PT
s odd AW so, THeee ExiSTs @a N Sock THAT
P=99¢4. Hents; (29+1)° = Su+1  =zmpLres
HPHHG 11 = Bl Wiy Yiens 4949 = Sm,



We  TheRcrope HAVE

M= K™ H19% _ 49([g9+1) _ F(gy)
& 3 3

THMS MNEANS  THAT M TS TR GulAR,

() THE SoM oF ANY TWO ConSecorive TRUANGUAR MUMBERS
s & PerFecT S@UARE |

SOLUTION : T P ANd 9 Bs TWO ConSt CUTUE  TRIANGULAR
NOMBERS.  THeN  THeke &xiSTS MEMN Sucy THAT P mggﬁ)

Auis 9 = P+ (1) = /MMH (o) = () (me2) |

2

Ptg - mlmi) . (nd(Mi2) _ () [ e (ms2)]
%

Q_ Q.
_ (D) ami) = (me) ©
9

THeee Fore, P9 TS A Peprecr S@udre .

ﬁa(/> IF M s TRIANGULAR  THeN 25M+3 s TRMUGULAR AS waell.

Solutiow: Suepose +HAT M S TRIANGUAR . THen, THERE
EXieTs  t &N Suy THT M= +[(tH)  So,

25 M43 — 925 + (E40) +%5 — 28E(tf) +QC; < 25t 26 46
pa PN 2
Norice 25 £5425t +6 — w£ (6t+2) + (5446
— Be(5tt2) + 2(S442)
- (5&r2) C 5&+2) = (Mt

WHeRE M =5¢+2 .



TheReFoRE |  25M+3 = m (ant1)  Aub so, 26m+3
2
o, TRIAN GULAR

[€) TF tm DeEnoTES THE M-TH# TRMUGUAR NoMBEE

PRoOVe o = ((M;:’l) FoR. M 4,

SoluTToN : By beFwiToN,

Tt = a4+ M o éh _ CM-Mr) <Md~(>
fe=9

[£) FIND THE <SoM OF THE FRST 2011 TRIAUGUAR AUMPERS.
SOoLUTION: LeT +wm DBNOTE  THE M-TH

TRIANGULAR.  NUMPER. .

leT™ Saoc2q4 DenNOTE THE SOM  oF THE TRST 2020 TRANGUAR

NumBeRe, tWe Nesd T0 Find 9021

s?.o‘l’):‘bq +E£q 4+ ) S 'ﬁw%o*"b%wq — hg—/’ =%

BN THE BReUioug ExsReise WE  HAVE

QoY1 9091 2091 2021
SHET 2 th = =2 (PM) - S (R — 1 & (k4R
WE THeERsFope HAVE
2029 2021
5202() = _'L— Z— \Q,?/ "l_ ‘L. é b. v
2 \L::’l 2 le.=1

™M
RechLL For ousRy men WE HAE S b = M. .(m41)

2

So, wg TJUST MeEd TO  TiMd A Formula  FOR

M
Z R
k<1

TO Do TH#AT WE OBSsRUE



b3 — UQ«;)B: kT -3k +7

3
R® =2k +3k -1

UQ”4>3 =

” m
Then, hi (k= (R-0*) = Z (3k¥*~3k +4)
=1 "Lc’]

Note T#AT

= R (k¥
=1

Z k>~ = ()
'L:: 'Qc:

M

I

3=o

M=1

/§/K+ m —-03— 3 = M
=1
So; we Have

M m
M. 2 [k ()] o S [2k*o2n44)
h':/l PL:’]

BZVLZ-BZVLJr 24

=1

= 3. f_h‘ — 3 M(M3)) + M.
9
T&s@e?olze',

3. ?hl = /Y)3+Bm(m+q) — M
= a9

— m.[m% 3(?7) _4]

— M. [itmk/m; B(M-H)]

m[i (M+1) (h=1") + 5(m+4)]



— m (3. [ am-1) + 37
2

m( w+1) (2mM+1)
2

—_—
-—

m

TS SHows = kY = M (m1)(20+1)
k=1 o

Hencs | we GeT

59_07_4: _LZ.\QL+L£E_
Y.

— 1 2024 2022 . (2202041) 4 { 2021. 2022
G * z

{ 2024 2092 _(2.2024+4 1L 9
L 2

3
= A. 2024 %22 @ 9. 202141743
P pi 3
= 4. 20921. 2022 g [ 202942)
e 2 3
= _2024. 22022 .2023 .

&

[na) PROVE  THAT THE SuMm  OF THE ReciPROCALS oOF THE
FRS7T M  TRIANGULAR NUMBERS s Uess THAN 2.
SOLUTION: LT +£m DeNOTE  TwHeE W=T# TRANGUAR
NOMRER . Obegpve  FTS RECPROcAL s 4 /p
Rechie  Also THAT  +m = (Mﬂ) - m(mi1),

2




TheeeFoRe, we HAVE r 2

Lo m{mta")
WE WNextT ClaiM AT 4 _ 2 2
tm M M)

TO YRove  OUR CLAYM, NOTE THAT

/\ - A 4+ B Alne)) +m
o (M+9) (v) M+ Mt
= (A+e)m + A
MM+ 17

THIS  MEANS  THAT )LX-HB 40 WHICY Yietns

A=1, B=-1. THEN, WwE <& THAT

A = 4 —_ 4
M+ m M+
50, THS xTmMmplies THAT
1 = z = = - > "VL me N
+m m(m+1") o M3

CoMING BACk TO OUR MAN Queswo;\)/ WE need TO Fud

M m m
h:’] —bk }L:4 b\ULH') =1 k. h+4>
m m




=24 24244 2 4 2
d 2 > M-=1
2 ____Q;~w/2_ — 9 2
2 3 mM—q ) M+
= 2-2 _ 2 4—4)
M+ M1
_ 2(M+’l—’l> — 2 m
M+ M+ 1

NoTE THAT m 4 M+, Awd So _M £/

M+4

WE THLS  hAVE
M
E /]_ oy 2 M = Q w < Q,4 — 2
o Th M+ M+1

This  ComPleTES THE  PRooF, B

[M LeT +4 DenoTE THE M-TH “TRIANGULAR NUMRER

Eiwd "f;qooo + tqoon +‘l:‘[ool-{+ ...+ too00 + ’t’209_/| .

SoluTion: RecAll THAT +m = M*") ok evERY Mc N.

9
%o, tom = <2M;4> = (2mi1) 2m = (2m41).2m,

We ta=Re FORE HAVE tom = hmrt+ 2m .

NOw we oRsSERVE
1010

—L\OOO + "t\OO’L + 't \00“( "“ R ‘E‘LOW +-{7‘)’°')’4 - i ﬁlh + fQ’O?’(I
k_:‘;?oo



We FirerT CoMpute THe VALwe oF S tap

bz_=goo
NoT)Ce  THAT
oo lolo [o|o lolo
< tw . Z (HkP2R) = 4 Z Rt 4 2. Z 0
b= Goo I =Goo l=GCoo b =60

RechlL TFrRom PReviovs EXeRcises THAT WE ALPeAny ANow
FORMULAG  FoR  THE <SuM OF THeE FRST M SRuwIRES
NUMBERS  Ans Fop  THe SuM of The FRST i MATRpAC
MWMOERS.  NAMeLY, Fob eweRy MeEN , WE HAE

m o
b - (m40) Z BT = lmaa)(om3)
= . — y;
h=q h= 4
THU% ( Wt GGT
{olo [o1o Ha9
i R = é | i . _ 1090 9019 — }499. Goo
kL:SoO \ﬂ_:/) b—:’] x P
= %10 g — /’Ql’f + 50 = 38§ 605 )
i lolo 1499
S RP - S RE - bt
~ Jolo. 101 .2021 — 499.50. 999
2 &
— 1021831 655 — H7 541 350

= 990 289 Jog



e TieRg CoRe HAE

oo lo]o lolo
Z tup = 4 2 bl & z.hi h_
\L:S@o h=GCoo =G0

= 4. 99 289 So5 + 2. 385 Qog

= Z29k1 931 230

HEI\JC@[IF t oo F2E ooy tt ooy ...+ ZL—ZoLo"%“éch/ =S
we  HAvE

|01

S = Zflrz\ + 752014
I= 500
— 29619%1923%0 + (2024“)
7

2 961 921 1% 4+ 2021, 20272
2

0

= 3961 931 220 4 2 o3 2374

— 396> 93Y pgq .



Exkra exercise for practising

[/’) For M >9 ;, PRovE THAT
)6 (2)+l8) oo (2) = (753

[2) Feowm (1) Awvd THE RELATION  mT = ,SL(I‘;E’){—M\—

FoR m 22, Debuce THE FoRMULA

A+ 904 2 A Mt = (man) (2md0)
%

(5> TFiND THE  eExAcT VAE  OF
fo. 51 4+ 514.62 + 59.5%+ .4 498.199 + 99- 210
By 0sine  THE  PRevions  TormulAs,

[H) FwWd  The exher VAlue ©OF THE Sum

%\ (2%:’1—4) Fog gy M2z22.
h=2



