Divisibility Theory in the Integers

A seT ths The CLoSuRe PROPERTY ONDER A PARTICWAR  OPepAYioN -LF
THE RESNLT  OF  THE OPERATION I ALWAYS AN &leMENT (N THE SET.
Ie A SET HAS THE CLOSRE  PRopeRTy UNDER A PRRTICULAR  OfeRaTioN |
TheN WE Sy THAT THe SBT Jo CLosed  UndER Tie OPERATION .

ToR TnNSANCE ,  THE  SET ,{4‘1‘3,9& C N IS NOT ClogeDd  UNDER
THE  USUBL  ADDiTion  BecausE  2H3 =5 aws 5 is MT N 1234
SNiLheLy  THE seT N op AL PosiTIVE  TnTESERS 1S AT
Closed UNDER.  THE  USUAL  SUBSTRACTION  SiNCE 2L - = =1 And
-1 gf N. HoweweR, we obsttve N 1S Cloged  UMDER THe USUAL
fisniTion AN MULTIPLIATION | Since | Given ANY  TWO TaeeeRs @, b
We Hwe Qth e N Ay Qb & N.

LeT  F Denore ThHe SgT oF ALl oalEGers . MoTice
7 i Clogelh UNDER  THE  USUAL  ADDITiON , SyssTRACTION
AN PUCTIRLICATION . THAT 15, Given ANy Two owteesRs 3 b
We HAE d4b € # , a-b e Z A dbecZ.
HOWEVER | & is NOT  CLosed  UNDeR  THE  UZuBL  DivISioN
OF =TNTEGERS <SINCE | Tor INSTANCE % g #.
ALTHouey 7 HAS NOT THE Closure PROERTY UMMER The
DivistoN | WE OBSeRUE  Tor SomE QL E Z  The NwpER

ie # . Tor TNSTANCE [, (2, (2 42 pRe xureée.
b b 3 —6

THIS Remilc Allows  US TO T NTRODKE —The WeXtT TDEENITION:



DEFINITION: Gived &\b & Z ,we =AY THAT A& Divies b

TF TheRe exieTs AN INTZGeR € € A Sucy THAT bh=a.cC .

TN THIS CASE |, WE WRinE A |b.

We NeXT Give SoME  EXAMPLES :
° 3] Q  Since  ThHete eExisTs Qe ZF  Sucy THAT L O= 3.0 .
15| =90 SINCe THERE exisTS ~6 €Z SuH AT ~90= 15.(4).
21 since There is Mo inTEEER R Sucy AT 24= 1k
0|0 sine 0= 0.0,

THE DIViSORS  oF (2 ARe 1, £2, %3 4k +6 +(2,

Exercises

(1) Given d1bjc € #, Prove THE FolowiNe DivisiBiiTy

PRopevTiES:
(¢) B mDivibes O For eery Q€ £ .
Givew ANy INTECER Q| WE ORSERVE THeke €Xists Oe#

Such AT O = 3.0 - THen, d]o.

(W) 018 iteg a=o0
WE ALREAt oecerved THAT ©|0. Suppose NOW THAT ©fA.

Then, THERE ERiISTS ke £ Such THAT Q= 0.k . THIS

SHowS  THAT A=A.

(LLL) ’]l& And —4|B FoR ey def.
GiNew AN INTEGER  Q EA | JOTE THERe exisT -2 e

SuCy  THAT Q=13 AWM 3 N.-2). Then, 1]a A -1]a.



) 319 or al-1 {f Q=1 o Q= -1.

SoPPse  FIRST  THAT Q|4 . Teen, THERE &xisTS RE Z Suce
THAT 1= Q. R | TAKiNG ApsoluTE VAWE |, WE GeT 4= |allkl.
Nore 1T R|, [ e N. =F )3I>1 Then  4=[3kl >1
Wiich shows TwAT |al=4 . THen, QA € 4-11{. SiMiLARLY, iF
Q-1 THen  -1=23.%" Fr some k' ¢ Z. TAKING ABSoLnE
VAL | we GeT 1 = [dl.IR] which iveties lal=1. THUS,
Q¢ {M-1{ . CoNERSELY ( TF Q=4 oF Qd=-1 ,I7is
Clehe.  THAT  Alq An>  J[-1. THE CLAIM Follows.

(V) 3|3 *ov ML & e #
Givewn ae%, NOTICE THERE €£xisTS 1 &£ SucH THAT
A-4.0 . THIs SHowS B[d.

(V) dlb aws bId €4 5=b or do-b.

= 3lb A bla Then There exisT  k WEZ Swcy THT
b-oa.k A d=bh . So, b= [bhk = b(hk) . THs
Mems  THAT . [ Wk-1) O ThepeFope, errtHer beo
or  Wh=1. TE boo | Since bl By (i), we #AE
Q.o AMd sSo d=b. =F Wwk=1 THenv NW[1 Awd py
(iv), he {4,_13. Then, Since Q=Y%h |, IT FolrowS THAT
d=b or A=-b. The CoNUERIE IS TRUAL Sivce
ala ; al-a Aws -3la  For ewry & Z.

() alb 4w ble  Then 3lc .
TF 3lb Aw ble Teebe exist W hE&Z Sucw THAT



b= 3.h A c=bhr. THen, we OBSERE Thepe EXSTS
Wee 7 <o THT C<bk = (MR =3(hk) Witk ShowS
THAT  dlc.

(Vi) 3lb i#t 3|-b i#4 -alb it -3]-b

We Witk Prove THAT  Qlb ifd Ql-b. THe oT#eR Ppooks
Al <imise A THeRetole  (eFT  As AN ExeRSSE .

TF 3lb THen  b.dk Tor some he Z. Then, we AW
WeTeE  —b o 8.(R) AW SinE ~bR eF e e ) -b.
Conversery; i& ]-b  Tyen -b=3ah Fer soue he# . Se,
b= D) 2 D.ah= a h) wWiTth -he g Tren, alb.

(ixX) == a,beN aw Aalb THen 3 £b.

leT abenN. =F Alb Then b= 3k Top SomE REZ | Since
dbenN, we tve be N. Twen k>4, Twis shows
b= 3.k > 8. THe Chim  Foliows.

() =F alb Aw> alc  THewn a[lo+c

suppose THAT | dlb A dlc. THen Tyere exists pohe Z
SUCH THAT b-3ak Aw c=3h . S0, Theee €Exists iur‘/\ez
coy THAT b+ = AR +ah = 2 (k+h) wWHA vemws albic.

(xi) == Alb THen a[bc For eery ce £,
e 3alb Twew THeERe EXisTS be Z Suh THAT b= Ak
TheveroRe, For Qe ceZ, be = ahe = 3(hed. sivce
be € Z  Wwe HmE Q| be.



(xi1) ==  albic A alb THen  Qlc

SPose . THAT O bde Awn dlb.  Thew, THRE exisT P heZ
Sucy  TAAT . bic= a3 A b=AW . NoTice THAT

c= (bted-b = 23 —ah = 3. (k-0) e p-hez.

This,  3le.

(xiit) alb aw dle Then 3] b-c.
e 2lb md  3dle Teen  b=3ak A c-8h FoR SoMs
bhe Z.| Then, b-c. aw-ah = & (b-h) wiry h-hé.

THTS | SHows 8| h-c.

() TFied Al VAHUES OF Q€% Sucy THAT a—m/iaz#‘?.
LeT Q€ # Sucy THAT Q49| 23™9. By (V) |, 841] 347 Awd
BY (xi)/ RER| KQ-H).C ToR EERY C e . T PARTICUAR,
TAKING  C= 23-2 €Z  we fAE 41| (d4)(23-2) = 287 -2
THeerore , 41| 28%49  Avs A4 [297-3 . By (xii) WE
e Q41| (23Ma) - (222-9) | THT is, | M. Note
THAT e onlY  DIVISRS ofF 1 ARE  +A | 449, Then , We
Gev 34\ e b3 Emy WHICH Mepns &Q{Orﬂy 10, ~12.(.
Now, we cHeds Whrey THe Possitle VAtwes of & 4le.
IF Q=0 WE GeT 1]/9 WHicH TS TRE.

I dA=-1 WE &T -1[13 IWHiH TS TRuE.

TF Q=0 WE GeT M [209 WhicH (S TRE AS  10./9=209.
TE  Qe-12 We &eT —M1[293 Which IS TRE AS (1), [L2)=293.

ThetetoRe |, |3 e Z - &4’!,2324“]%:{O/“Z/”o/""flf‘.



(B) IND AL VAUES OF @ ME N Sucy THAT:
(¢) 3m~-4 ] m+3 .
leT Me N Sucy THT  3M=1 ] M+3 . NOTE TeaT 3IM-9]3m-1
AMD | 3M—q | 3(M43) = 3mH21. Then, 3m-1] Bopa)~(3m-1) = %o
Note THAT THe POSITIVE DiviSoRS  ©F 20 ARE  q.2/4,5/100 2.
THen,  3M-1 ¢ {4.2.#,5, fo,22f. S04 3m e{ila,s, b1 2% .
Note THATE 3™ 6{3,6,9_4(\( Sineg . ME N, TS Spows
Me,{/l,?—\lf&, TP M=1  We GT 2|8 Wit 1S TRE.
TE M) WE 6T 59 Wi IS kT TRE- TF M=
We &t 20 |14  WHIGH TS NOT TRE. WE THeReRRe HAE
{MéN: 3M-4)M+:}&: 11%.

(i) m-2| m3-g

Lem MemN  such AT M.a| m>-8 . Note WE CAv WRvE
M>-8 - [m-2) (mZ+2m+y) | SiNce MeEN  Avd N B8
Cloged  ymdeR  THE USUAL  ADDITION Am>  MULTIPLIGATION |, e
hive  mi4rmid eN TS Mews  m-2 | m3-B R
Ry men.  Then, .{/Ménda M-QIMLS% = IN. B

(1) leT )b €%

(1) SHow THAT 2-b | 3M-b™ For every menN,

We PRoceed  BY induerion o Me N. let S BE THe T
DEFED By S = 4AmeN: d-b l&”‘-b’”‘ (f OBSERVE  THAT
lc S  since a—\ola"’\o“ =d-b . SUWse NexT NES FR
Soe. WSA . Then Q-0 |A"-pT. THS Metne TePe exiers



R ez Suu THAT R (A-L) b . We Wil Show THAT
Wil € §&. NOTE  THAT
AW " g A L 5[ b b
= 2 (3L + 3" - bW
— 3. (awr + b (a-b)
= (A=) . [ak +1"]

SE  abhe Z, MeEN Tae Nowper  Sk4b" € Z.THe,
a-b | A" =" U Téeeere fitE  O-b A" b
ToL EER MmeN  BY The PrwcdE  of awidveTioN,

() TF mem 1S seN | Stow Thit Atb | aM-u",
SINCE iy j5 eveN  AND  MEN ; we ORssRVE  M=2k FoR
SoME R eEN. TheN| T 1S ENOVGH TO SHOW <3+k>]82h~bmL
To EWRy heN. WeE Wikl Peeced By inducrion  on R,
IF R=A wWe oOBSERVE THAT &+bl&2-b7' SINCE

AL = (8-b) (2+b) ANDd A4 € FE . SuPPose  NEXT THAT
&+\Dl&m~‘oﬁn For Somt WeN, W>a, THEN, THeRE &xfsTg

pl
M e Z  Such THAT &%-bh:(a%)m«. Notice T#aT

&1(\'\“)\ batwn) : &*zv\- et b%. bl: [@ ) m +b&h]32 - bﬂg b
_ B’ £ bt - by
= () ma+ *"(a%-b>)
— (849) m a4 b (Q4b) (@-b)
= (2%) [ ma*+ ™" (3-b) |

2
Since Abime Z, henN WE opsERveE  maNyly (3-b) £Z.



;L(I/\«H) oth41)
THTS  Shows AT &40 | &7 =b . ThE clamM Now

FolLows By THE  ADUCTION PRINCIOLE |

(4id) == menN is v ony NMBER Show  Q+b | A"+ b

NOTE = THE PesolT Holds Wwhen m=A  4S b | 39b. Lssome
m>A4. SiNe M Ts odd , M= 2b41 PoR Somg heN. WE
NExt = SHow  THAT | 24b |&2Ml+ b Cop emly REN.
TE Req We ovseRve Q7 N = (@3) (3%—3b + v*) Avd
AL — 3b +0* £ Z . THIS spows  atb | 330> fsume
atb ] awmw ToR Some he N, W>1. Then, THeRS EXSTS

Wt
1 e Z# Such THAT ™y = (3t0).9 . WE nNexT wmoTE

a(h+)+ 2(wh) 4] Wil ohil o
+ b =3 .3 +b b

h \
2 ) 2 s bZM'} 2

= () g -
- (330)q3% + M (wr-3%)
(a46) 982 4 b (b-3)(3%b)
(a4b). [ 5874 b (b-a)]

—
-—

-—
-—

SWNce d\b)g €Z heN ;| we Hive i&'l-# low'llo-&) e 4.

Q(MHW alht ¢ |
THIS  SHOWS A+ l Q t b . Hence, THe Resut

Holng Ry  THE  PRINGPLE  oF wudetion. ]

[5) leT 8 e Z Bc AN obd TnNTEeeR. SHow THT 2M4zl& ~1 FoR
ML men.

SINCE Q& £ is Ob) ;, THeRE exis7s he Z Suck T#AT A=2k41,

We Wik Roczed By oeducTion on M eN. = M=1 & HE
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(3
pi Wt 2 het |2
d —’l:(& +4 (& -4>~2M2£,2 /mué_( m<
2 4/
Witk mld € FZ . We THceerope  HAE (h F )3 —A4. The

ResuT  Foltowé From THE  PRiNciple  oFf i [l

() Let me N Ujoi.

(v) PRoE THAT , FOR evERy Ockim THe NUMBER (g)
1S A WATURAL  NUMBER .

(i) Show THAT M+ 1  DIVIDES (‘?;\’n")

(4) LET S=) men: (’m EN , FoR AL orkimb.
WE FiRST Show THAT 41 &S5. 7O Do THIS, We need
To PRONE  THAT (&)e N For AL ©Qchkiq. rF heo

NOTE (1) = =1 While =B R=d Thew (1= AL,
o! 4‘ 1 1'q!

1
THIS CShOWS THAT (g)@n\l ANS (q)ew. S0, 1€S.
Givew e N W>1 1eTls Assume (‘;"JGN Fop eveRy
otkth, We WilL PRove THAT W1 € 3. So, lue Neebd

TO SHOW | THAT 1) € N Foe ewery ok,
R
NoTe  THAT U\H) 1 ('A*') -4 & N. =T ReMAins TO
o W+

PRove  THAT (v\;;\) C N  Foe AL 1£kiw . BY PheepLs
( ‘/H" o’ [’\ IA E
Rule we (oTice ( L ) = [k) + (R»’l)' NVote ALlbo
THAT 0 £ k-1 £~ LW . TheRerore, RY THe nDuezion
- h :
H{PoTHESTS  The wnombers  (U)en Am [N Jew

Hence, AS N is Q5ed | ONdDeR  The  ADDITION, GE
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THeOReM : (D'\v'\siow ALGoRiTHM) GiveN TNTEGERS @ Avd b,

WitTh bf O , THERE EXiST UNIQUE INTESERS G AUd T Such THAT
d=4g.b+v A 0c 2lbl.
The INTEGERS 4 AT ARE CALLED , RESPECTIVELY , THE QUOTIENT

ANd  RemArvpeR  To THE Divisiow oF & By .

[8) Rove ThAT E 3 AWD b Aee zwTesERS , WiTH b>o , ThHen
THERE exieT UNIQUE inTeeers G AND ©  SATis FYING a:$b+r
WHere Qb L ¢ £ 3.
BY The DivisioN AL&ORITHM TheoreM, Given Q,be Z, b Lo,
Thete £xsT ONlQue  iNTEseRS @) Aud T Sycy | THAT &:3‘b+r‘
WITH o T2 b TheN ;| WE oBseRve
Q= b+ = a'btN -0 = (§'=2Db & (M2b)
leT 9.2 3'-2  AND Tz ©'+9b | NOTICE 9,1 ARS  UMQUE
siNce gt ' Aee  (Mave. MReove? | Q= Sbd o And  SINE
oc b TheN 2b £ T4+2b £ 2L | B
(9) (4) SHow THAT The SQuARE OF ANY INTESER is erTher
OF T#Ee Form 3R ok 3R+1, For soMe ke Z.
(i) Yeove THAT 32%-1 is NOT A PgpfecT Sauire.
(L) leT Q e Z. Pt THe TDiVISToN ALCORITHM  THEDREM, THERE EXST
UMIQUE  INTEGSRS g T Syckh THAT Q= 33+C WiTh Teo2f.
Then, %= (3940) = 373t 42390+ ¢ 3 (25% +290) + ©7.
T& Teo  Then Q7= 3k witH  R= 33% ¢ Z .
e C=1 Thew  Qr= DeAN with k= 33248 & Z.



ITE (=2 THeN QT _ 3haq with k= 394449 € Z.

(ii) Suppose THAT  32%-1 [s A PcRFEcT SQuike. THen, THape
EXTSTS mMme#& W THAT 3&1-/] = mz, Notice

m2= 2a%-1 — 32 -1 +3-2 = 3(3%1) +12
WHTCH | Wems | BY THE  DivisfoN ALGoRithv | THeORew, THAT M K43
ReMaivPER | 1IN THE  DiViSTon By 3. OBSepye THS  ContRANCTS
(2)  SINCE  ThE SQUARE oF ANy INTBEER | HAS  ETTHer  RemainbeR
O o 4 N ThE Distod By 3, THeeerops, 33%-1 1S

Nov A DeeFect Saukes, B

(10) GiveN 3, b €Z WwiTh b#£o | PROVE There exisT uniQue
INTESERS @ AND  THAT SATisFy A= b9r+r WHERE
—1r bl £ © £ 42 b].

BY THe DIVISION ALGORITHM THEGREM, There exisT unviQue §'r'eZ
SucH THAT Q=bg'4+c' Here ocr'Llbl.

IF oct £ allb) | ThkE =g A D= T So TyaT

A= b+ = og+c AUD —_j}!bl Lo 47\ =7 s%/b/-

NOw, Assume i/ [bl 2t 2 0b] . THeN, ~Llb] £ T'=lb) £ o
Note WE AN WRITE | Q- bgl4r' - \Oﬂ‘ + bl + ' =lb) .

Te DbYo TheN A= \o(%\—u) + (T =1bl) AN wE CAu TAKE
9= g\+4 A | Ti= Tl—lb] . On The ©THeR MW, IF 20
Thew | A= b{g 1) + (r'-bl) Aud so, we cAv TAKE =51
A mi2 =1l The cram Holos. B



(44) YRovE THAT NO iNTEGER in Tuc FollowiNé SzQuence s
A PeRFEcT  SQUARE : M, 414, 9949, 49791 |, .

LET Am be  THE  M-T# NUMBER  OF SuCH SEQuenNcE « Note
Qg= 1M = 1+10

Qo= 411 = 41+19 +10%

Qs = 1411 = 4 +104 10%+ 10>

Qy = 41111 = 4410 + 1%+ [0 +1Q1
=
So, IN GenspAl | Awm= 2 {oT . TR M23 we ovseE
=0
M m m
2 h-2
Am= 2 10 - 4+ 104 Zlqh:MeroZ)o . SiNCE
h=o h=2 h=9
m 2
k29 | The MMBER R-Z 1O @ N. So, Am- fok+m T
h=2
Some ke Z.| Then, Am= H [ 28h+2) +3 For Mz 2.
Ie M=A ;| Am=M= M. L+3 . Theeerore, FOR Every men),

Am= H.9m + 3 For some gGmeZE. Py The Divsron
fLGoRitHY | THEOREM, Qum  HAS RemAiNDeR 3 [N T Divrsion
By H  Tor ey Mew. feNe | BY (9)GE); Am fs noT A
beRFecT  SaukRe . |

(1) THE ReMpivteR  iw THE Division OF Au ivteéep 3
BN 1B BQUALS 5. FWD THE ReMAindeER

(1) WTHE Division oF Q¥ —~33 414 BY 18

B\f The DIVISTON ALGRITHM  THEOREM |, WE KNOw THERE &xicT
UN{Que 1 €% SuCh THAT 9=R3+5. Then

QY -2 +mM = (U85+5)" - 3((89+5) + 1

= I8 292+ 9.189.5 T 6% — 3.8 -3.5 + 1

[
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