
 

A SET HAS THE CLOSURE PROPERTY UNDER A PARTICULAR OPERATION IF

THE RESULT OF THE OPERATION IS ALWAYS AN ELEMENT INTHE SET

IF A SET HAS THE CLOSURE PROPERTY UNDER A PARTICULAR OPERATION

THEN WESAY THATTHE SET IS CLOSED UNDERTHE OPERATION

FOR INSTANCE THE SET 41,213,4 C IN IS NOTCLOSED UNDER

THE USUAL ADDITION BECAUSE 2 3 5 AND 5 is NOT in 442,3144

SIMILARLY THE SET 1N OF ALL POSITIVE INTEGERS IS NOT

CLOSED UNDER THE USUAL SUBSTRACTION SINCE 2 3 7 AND

1 IN HOWEVER WE OBSERVE IN IS CLOSED UNDER THE USUAL

ADDITION AND MULTIPLICATION SINCE GIVEN ANY TWOINTEGERS 2 b

WE HAVE atb C IN AND a b C IN

LET 7 DENOTE THE SET OF ALL INTEGERS NOTICE

IS CLOSED UNDER THE USUAL ADDITION SUBSTRACTION

AND MULTIPLICATION THAT is GIVEN ANY TWO INTEGERS 2,5
WE HAVE atb C Z a b E Z AND 2 b C Z
HOWEVER Z is NOT CLOSED UNDER THE USUAL DIVISION

OF INTEGERS SINCE FOR INSTANCE 15g E
ALTHOUGH It HAS NOT THE CLOSURE PROPERTY UNDER THE

Division 1 WE OBSERVE FOR SOME 2 b E TI THE NUMBER

E Z FOR INSTANCE 142 132 12g AREINTEGERS

THIS REMARK ALLOWS US TO INTRODUCE THE NEXT DEFINITION

Divisibility Theory in the Integers



DEFINITION GIVEN a b EZ WE SAY THAT 2 DIVIDES b

IF THERE EXISTS AN INTEGER CE SUCH THAT bed C
IN THIS CASE WE WRITE 2lb

WE NEXT GIVE SOME EXAMPLES

3 0 SINCE THERE EXISTS OEZ SUCH THAT 0 3.0

15 90 SINCE THERE EXISTS 6 EZ SUCHTHAT 90 15.16

141 21 SINCE THERE IS NO INTEGER R SUCHTHAT 21 142
0 0 SINCE 0 0.0

THE DIVISOR'S OF 12 ARE 1 1 t2 I3 IH 16,1 12

1 GIVEN a b C E Z PROVE THE FOLLOWING Divisibility
PROPERTIES

i 2 DIVIDES 0 FOR EVERY d C E
GIVEN ANY INTEGER 2 WE OBSERVE THERE EXISTS OEE
SUCH THAT 0 2.0 THEN 2 0

Ii Old iff 2 0

WE ALREADY OBSERVED THAT 0 0 SUPPOSE NOWTHAT 0 2

THEN THERE EXISTS KE SUCH THAT 2 0.12 THIS

SHOWS THAT 2 0

iii 1 2 AND 1 2 FOREVERY 2 EZ
GIVEN ANY INTEGER 2 EZ NOTE THERE EXIST 2 2 C

SUCH THAT 2 1.2 AND 2 CD C a THEN 112 AND 1 2

Exercises 



iv aln or al n iff 2 1 or a 1

SUPPOSE FIRST THAT 211 THEN THERE Exists k 2 SUCH
THAT 1 2.12 TAKING ABSOLUTE VALUE WE GET 1 121lk

NOTE THAT 121,1121 C IN IF 12171 THEN 1 12114 7

WHICH SHOWS THAT 121 1 THEN d E f 7,7g SIMILARLY if

2 1 THEN 7 2.121 FOR SOME K E E TAKING ABSOLUTE

VALUE WE GET 1 121.11211 WHICH IMPLIES 121 1 THUS

I C µ 1 CONVERSELY IF 2 1 or 2 1 IT is

CLEAR THAT 217 AND al 1 THE CLAIM FOLLOWS

V 212 FOR ALL 2 E Z
GIVEN DEZ NOTICE THERE EXISTS 7 EZ SUCH THAT

2 1.2 THIS SHOWS a Id

Vi 2lb AND bla iff a b or 2 b

IF 2lb AND bld THEN THERE EXIST 12 he SUCHTHAT

b a K AND 2 b h So b bh k e b hk THIS
MEANS THAT b hk 7 D THEREFORE EITHER b o

OR hken If b o SINCE bld BY Cii WEHAVE

2 0 AND so a b If hk 7 THEN h17 AND By
iv h E L1 1 THEN SINCE d bh it follows THAT

2 b or D b THE CONVERSE IS TRIVIAL SINCE

2 2 al d AND 2 2 FOR EVERY 2 C Z

Vii 2lb AND b c THEN 21C
If 2lb AND b c THERE Exist h KEE SUCH THAT

b l



b 2 h AND C b k THEN WE OBSERVE THERE EXISTS

UKE Z SUCH THAT C bk ah k a hk WHICH SHOWS

THAT 21C

Viii 2lb iff al b iff al b iff al b
WE WILL PROVE THAT 2lb iff al b THE OTHER PROOFS

ARE SIMILAR AND TITEREFORE LEFT AS AN EXERCISE
IF 2lb THEN b 2 K FOR SOME REZ THEN WECAN

WRITE b a CK AND SINCE REZ WEHAVE al b
CONVERSELY if al b THEN b d h FORSOME HEE So

b Ct Cb C r a h a Ch WITH HEZ THEN a b

ix IF 2 b C IN AND 2lb THEN a Eb

LET 2lbCIN IF 2lb THEN be2.12 FOR SOME REZ SINCE

2lb EIN WE HAVE KE IN THEN 1221 THIS SHOWS

b 2 k a THE CLAIM FOLLOWS

X IF 2lb AND 21C THEN 21 btc
SUPPOSE THAT 2lb AND 21C THEN THERE EXISTS 12he Z
SUCHTHAT beak AND C 2h So THERE Exists kthEZ
SUCH THAT btc dktah a Kth WHICHMEANS albtc

Xi IF 2lb THEN albc FOR EVERY CEE

IF 2lb THEN THERE EXISTS KEZ SUCH THAT beak
THEREFORE FOR EVERY CEE bc akc a KC SINCE

KC C Z WE HAVE a Ibc



Xii If albtc AND 2lb THEN 21C
SUPPOSE THAT 21 btc AND a b THEN THERE Exist 12 hEZ
SUCH THAT btc k.to AND bed h NOTICE THAT

c btc b k a d h a R h AND K HEE
THUS 21C

Xiii 2lb AND 21C THEN al b c

IF 2lb AND 21C THEN beak AND C 2h FOR SOME

14hE Z THEN b C ah ah 2 K h WITH k HEE
THIS SHOWS 2lb c

2 FIND ALL VALUES OF DEZ SUCHTHAT 217 222 9

LET 2E E SUCH THAT 217 2249 By v 2 7 2 7 AND

BY Xi 211 211 C FOR EVERY CETI IN PARTICULAR

TAKING C 22 2 C E WE HAVE 217 2147122 2 222 2

THEREFORE 21 1 222 9 AND 211 222 2 By Xiii WE

HAVE 2 1 2249 222 2 THAT is 2 7 77 NOTE

THAT THE ONLY DIVISORS OF M ARE In IN THEN WE

GET ath C4th IM WHICH MEANS DE 401 2110 124
NOW WE CHECK WHICH THE POSSIBLE VALUES of 2 ARE
IF 2 0 WE GET 1 9 WHICH is TRUE

IF 2 2 WE GET 7 17 WHICH is TRUE

IF 2 10 WE GET 11 209 WHICH is TRUE AS 1119 209

If 2 12 WE GET 17 297 WHICH IS TRUEAS GM C277 297
THEREFORE DEZ 21 7 222 94 40 2,10 12cg



3 FIND ALL VALUES OF ME IN SUCH THAT
i 3M h Mt 7

LET ME IN SUCH THAT 3M 7 Mtt NOTE THAT 3M 713M 7

AND 3M n13CM 7 3Mt27 THEN 3M 71 Mta 3M17 20

NOTE THAT THE POSITIVE Divisors of 20 ARE 9,214,511920

THEN 3M 7 E L1121415 19204 So 3M C 21315,61711274

NOTE THAT 3M C4316121 SINCE ME IN THIS SHOWS

ME4112 74 If M 7 WE GET 2 8 WHICH is TRUE

IF M 2 WE GET 5 9 WHICH IS NOTTRUE IF M 7

WE GET 20 14 WHICH IS NOT TRUE WE THEREFORE HAVE

MEIN 3M 71Mt't f Lng

ii m 21h3 8
LET MEIN SUCHTHAT M21M 8 NOTE WE CANWRITE

M3 8 M 2 M2t2Mt4 SINCE MEIN AND 1N is
CLOSED UNDER THE USUAL ADDITION AND MULTIPLICATION WE

HAVE M2t2Mt4 C IN THIS MEANS M 2 M3 8 FOR

EVERY MEIN THEN MEIN M 2 M38g IN

4 LET 2lb CTf
i SHOW THAT a b 2M bm FOREVERY MEIN

WE PROCEED BY INDUCTION ON ME IN LET S BE THE SET
DEFINED BY S E LMEIN d b 1am bn OBSERVE THAT

I E S SINCE a blah b1 a b SUPPOSE NEXT HES FOR
SOME h 7 THEN d blah b THIS MEANS THERE EXISTS



REZ SUCH THAT 2h bh d b K WE WILL SHOWTHAT

htt ES NOTE THAT

ahh bht a ah bbh d la b ktbh b b

2 La b k t abh b b

a a b k tbh a b

Cd b ak tbh

SINCE a b KE Z hC IN THE NUMBER 2kt b E E THUS
a b ah bht WE THEREFORE HAVE a blam b
FOR EVERY MEN BY THE PRINCIPLE OF INDUCTION

it IF MEIN IS EVEN SHOW THAT atb 1ambm
SINCE M IS EVEN AND ME IN WE OBSERVE M 2R FOR

SOME REIN THEN It is ENOUGH TO SHOW dtb.la 2 b2k
FOR EVERY REIN WE WILL PROCEED BY INDUCTION ON K
IF 12 1 WE OBSERVE THAT atb 22 b2 SINCE
22 b2 a b atb AND Itb C 2 SUPPOSE NEXTTHAT

atb 22h b2h FOR SOME HEIN h 1 THEN THEREEXISTS

ME 2 SUCH THAT 22h b 1b m NOTICE THAT

a2lhtD b2lhtDea2h.a2tb2h.bIf tb7mtb2hJa2_b2h.b
latbm.at b2h.d2 b2h.b2

Catb7ma2tb2h a2 b2
atb malt bn atb ca b
atb ma2tb2h Ca b

SINCE dibim E Z HEIN WE OBSERVE md2tb2hCd b CZ



THIS SHOWS THAT atb AHHH b THE CLAIM NOW
FOLLOWS BY THE INDUCTION PRINCIPLE

iii IF MEN is ANODD NUMBER SHOW atb 2Mtbm
NOTE THE RESULT HOLDS WHEN M 4 AS Itb Itb ASSUME

M 1 SINCE M is odd Me 2kt1 FOR SOME REIN WE

NEXT SHOW THAT Itb 22kt'tb2hH FOR EVERY REIN
If 12 1 WE OBSERVE 23163 1b 22 abt b2 AND

22 ab tb2 E Z THIS SHOWS atb a3tb ASSUME

atb I22h tb FOR SOME HEIN h 1 THEN THERE EXISTS

of E 2 SUCH THAT 22kt'tb Itb f WE NEXT NOTE

zchtiltl 21h1Mtl 22h7122 b2ht b2a t b

atb g b2ht 22 but b2

atb qa2 t but b2 22
atb g22 t but b a atb

atb qa2t but lb a

SINCE 2lb 9 EZ HEIN WE HAVE 9 d't b lb a E Z
THIS SHOWS atb AHHHH'tboth t

HENCE THE RESULT

HOLDS BY THE PRINCIPLE OF INDUCTION

5 LET 2 E Z BEAN ODDINTEGER SHOWTHAT2Mt2 22 1 FOR

ALL MEN

SINCE d E Z is ODD THERE Exists KEZ SUCHTHAT 2 247
WE WILL PROCEED BY INDUCTION ON ME IN IF Mel WEHAVE



TO SHOW THAT 8 22 1 NOTE THAT

al n att d 1 2kt2 2k 2CktD2k 4kCktD
IN ADDITION 2 KIRTI SINCE EITHER K OR Ktl IS EVEN

IT FOLLOWS FROMTHEABOVE COMMENTS THAT 8 22 1
ASSUME NOW THAT 24 2 22 1 FORSOME HE IN h 1

THEN THERE EXISTS LEZ SUCH THAT 22 1 2kt l
NEXT WE OBSERVE

ad read In E a latte aka
m

WE NEXT PROVE THAT 2 2 71 FOR EVERY MEIN

RECALL THAT 2 is odd So 2 21211 FOR SOME REZ

LET S MEIN 212Mt7Y OBSERVE THAT IES

SINCE 2 1 21 1 2kt tl 242 2 htt AND RHEE
GIVEN MEIN h 1 SUPPOSE hC S THEN THEREEXISTS

9 E SUCH THAT 2h t 1 2g HENCE WE NOTICE

aht a a ant 1 2127 1 th
2kt1 29 1 t 7

4kg 2k42g 7 1

212127 Rtg WHERE 2kg ktqEZ
THIS SHOWS THAT 212kt th WE THEREFORE HAVE

S IN IN PARTICULAR 2h E S THIS MEANS THAT

21 22h47 SO THERE EXISTS MEZ SUCH THAT
22hth 2M HENCE IT FOLLOWS FROM THE
ABOVE COMMENTS



22 1 24 1 22h a zm.zht2e zhtfme glhtht2me
WITH Mal EZ WE THEREFORE HAVE 2141

2 22 y THE
RESULT FOLLOWS FROM THE PRINCIPLE OF INDUCTION

6 LET ME INUtoy
i PROVE THAT FOR EVERY OEKEM THE NUMBER IL
is A NATURAL NUMBER

ie SHOW THAT MTA DIVIDES 2mm

i LET S LMEIN YL EIN FOR ALL 0112kmG
WE FIRST SHOW THAT I C S TO DO THIS WE NEED

TO PROVE THAT f C IN FOR ALL 01 217 If Keo
NOTE f off A WHILE IF 12 1 THEN f p

1

THIS SHOWS THAT f CIN AND f C IN So IES

GIVEN ME IN h 1 LET'S ASSUME Ya C IN FOREVERY

oEkEh WE WILL PROVE THAT htt C S So WE NEED

TO SHOW THAT 4th C IN FOR EVERY oekkhtl

NOTE THAT hotel hut I C IN IT REMAINS TO

PROVE THAT htt C IN FOR ALL 1EkEh BY PASCAL'S

RULE WE NOTICE Ytl L f Ly NOTEALSO

THAT 0 E k 1 Eh I h THEREFORE BY THE INDUCTION
HYPOTHESIS THE NUMBERS L C IN AND 1 JEN
HENCE AS IN IS CLOSED UNDER THE ADDITION WE



HAVE Ytl C IN FOR ALL TEKE h THE RESULT

NOW FOLLOWS BY THE PRINCIPLE OF INDUCTION

ie WE OBSERVE THAT

anti 2mm MH
n n III en T

Mtl 2m71 Mti 2mn47
Mtl m

THEREFORE WE CAN WRITE

2mm Cents 2mm anti 2nd

Cents 2mm Intl 2mm't

Conti 1212mm 2mm

BY i THE NUMBERS 2mm C IN 2mn14 CIN THIS

SHOWS THAT 2 2nd 2M C HENCE Mtl

DIVIDES 2mm



7 PROVE THAT 561132Mt28h2 84M 7 FOR ALL MEN

WE WILL PROCEED BY INDUCTION LET S BE THE SET

5 4 MEIN 561132Mt28Mt 84M 1 f NOTE THAT

132 28 84 I 112 56.2 WHICH SHOWS THAT TES
ASSUME NOW THAT HES FORSOME HEIN 471 THEN THERE

EXISTS KEIN SUCH THAT 13Mt28h2 844 1 5612 WEWILL

SHOW NOWTHAT htt ES TO DO THIS NOTICE

132Mt 2 htt 841hm 1 13 132 281422411 844 84 7

169.13 2812kt1 28h2894 1 84

169But56h128T 56k 13th 84

168 132 t56415612 56

56 3.132 th k 1

SINCE REZ HEIN THE NUMBER 3 132 tht k 1 C E THEN

561132Mt t2q htt 84 htt 1 AND so htt C S THEREFORE

BY THE PRINCIPLE OF INDUCTION THE SET S IN



THEOREM Division ALGORITHM GIVEN INTEGERS 2 ANDb

WITH b f 0 THERE EXIST UNIQUE INTEGERS AND T SUCHTHAT

a f b tr AND OE r LIBI
THE INTEGERS 9 AND T ARE CALLED RESPECTIVELY THEQUOTIENT

AND REMAINDER IN THE Division of 2 By b

8 PROVE THAT IF 2 ANDb AREINTEGERS WITH b O THEN

THERE EXIST UNIQUE INTEGERS 9 AND r SATISFYING 2 fbtr
WHERE 2b E r L 3b

BY THE DIVISION ALGORITHM THEOREM GIVEN 2lbC Z b fo
THERE EXIST UNIQUE INTEGERS of AND r SUCH THAT 2 71btr
WITH 0 r't b THEN WE OBSERVE

2 9 btr 9 b tr't 2b 2b Cq 2 b t tr't2b

LET 9 of 2 AND Fier't 2b NOTICE f r ARE UNIQUE

SINCE 7 r ARE UNIQUE MOREOVER D 9 btr AND SINCE

OE r b THEN 2b E r't 2b L 2b

9 i SHOW THAT THE SQUARE OF ANY INTEGER is EITHER
OF THE FORM 3k OR 3kt 1 FORSOME REZ

ie PROVE THAT 322 1 IS NOT A PERFECTSQUARE

i LET 2 EZ BY THE DIVISION ALGORITHM THEOREM THEREEXIST
UNIQUE INTEGERS of r SUCH THAT 2 391 5 WITH PELO424
THEN 22 139 02 3272 2.39 rtM 3 3g2t2gr tr2
If r O THEN 22 3 k WITH Rie 372 E Z
IF 5 1 THEN 22 3kth WITH k 392127 C E



IF f 2 THEN 22 341 WITH his392149 9 E Z

ie SUPPOSE THAT 322 1 is A PERFECT SQUARE THEN THERE
EXISTS ME SUCH THAT 322 7 M2 NOTICE

M2 322 1 322 1 3 3 362 1 2

WHICH MEANS BYTHE DIVISIONALGORITHM THEOREM THAT M2HAS

REMAINDER 2 IN THE DIVISION BY 3 OBSERVE THIS CONTRADICTS

i SINCE THE SQUARE OF ANY INTEGER HAS EITHER REMAINDER

OR 1 IN THE Division BY 3 THEREFORE 322 1 IS

NOT A PERFECT SQUARE

lo GIVEN a b EE WITH bfo PROVE THERE Exist UNIQUE

INTEGERS 9 AND T THAT SATISFY D bqtr WHERE

112lbl L r E 1 2 61

BY THE DIVISION ALGORITHMTHEOREM THERE Exist UNIQUE71NEZ
SUCH THAT 2 bq tr WHERE Oer Ibl

If 0kt I 112lb TAKE 9 i g AND re T so THAT

D big tr bgtr AND 12lb Lo Ir r Elzlbl
NOW ASSUME 1 2 51 r Ibl THEN 12151 N Ibl o

NOTE WECAN WRITE D boy't boy'tIbl F Ibl
If b 0 THEN de blog tr t M lb AND WE CANTAKE

9 i f th AND ri N Ibl ON THE OTHERHAND IF bLO

THEN D blot 1 t Ctl lb AND so WECAN TAKE fief 7
AND Rie M lb THE CLAIM HOLDS



M PROVE THAT NO INTEGER IN THE FOLLOWING SEQUENCE is

A PERFECT SQUARE i n th 7777 17771

LET 2M BE THE M TH NUMBER OF SUCH SEQUENCE NOTE

21 41 1 10

22 111 1 10 102

23 1177 1 10 102 103

dy 11111 1 10 102 103 104

SO IN GENERAL I am 10k FOR M22 WE OBSERVE
D

am 10k It lot l0k M t 1900 10k2 SINCE

m
kZ2 THE NUMBER k 1042 C IN So am look 11 For

k 2
SOME KE E THEN dn 4 25kt 2 3 FOR MZ 2

If Mel 1 am_ 11 4.21 3 THEREFORE FOR EVERY MEIN

IM 4 9 n t 3 FOR SOME 9m C 2 By THE Division
ALGORITHM THEOREM 7am HAS REMAINDER 3 IN THE Division

BY 4 FOR EVERY MEIN HENCE BY 9Ci am is NOT A

PERFECT SQUARE

127 THE REMAINDER INTHE DIVISION OF AN INTEGER 2

BY 18 EQUALS 5 FIND THE REMAINDER

i in THE Division OF 22 321 11 BY 18

BY THE DIVISION ALGORITHM THEOREM WE KNOW THERE Exist

UNIQUE 9 EZ SUCH THAT 2 189 5 THEN
22 32 11 189 5 31189 5 t 7

18 1892 2.189.5 52 3.189 3 5 try



18 1872 29 5 3g t 52 3.5 11

18 18921 275 37 27

18 18921 10.9 37 t 18 3

18118921 79 1 t 3

BY THE DIVISION ALGORITHM THEOREM THERE EXIST
UNIQUE 7 it C E SUCH THAT 22 321 17 189 tr
WITH oer Elf THEREFORE G 1872 79 1 AND
T 3

ii in THE Division of 2 BY 3

BY THE DIVISION ALGORITHM THEOREM WE KNOW THERE Exist

UNIQUE 9 EZ SUCH THAT 2 189 5 THEN
2 189 1 5 18915 789 3 2 31677 2

SINCE 64th E E AND OL 2 3 BY THE ALGORITHM
DIVISION THEOREM THE DESIRED REMAINDER IS 2

iii in THE Division of 1 32 BY 27

BY THE DIVISION ALGORITHM THEOREM WE KNOW THERE Exist

UNIQUE G C Z SUCH THAT 2 189 5 THEN

I 32 1 31189 5 1 549 15 549 74
27 C2 of 14 27 C2 f t 27.43 13
27 29 7 f 13

WETHUS HAVE THE DESIRED REMAINDER IS 13 SINCE

29 1 E E AND OL 13 27



113
i PROVE THAT FOR ALL MEN 25M HAS REMAINDER

EQUALS 7 IN THE Division BY 31

FOR EVERY ME IN WE OBSERVE

25M 5 Me 32M 31 1 Ya 31k

RECALL THAT L C IN FOR ALL OE KEM THEN

25ms ELLI 31k 1 sit III 31k
M

at 31 Mk 3am
her

NOTE
f

Mq 31k C IN THEN BY THE ALGORITHM

Division THEOREM THE REMAINDER OF 25M IN
THE Division BY 39 is 7

ie FIND THE REMAINDER OF 25 833 IN THE Division
BY 31

NOTE 57833 5.703661 3 AND so 5457833

By i THE REMAINDER OF 25 830 in THE Division
BY 37 is 1 THEN WE CAN WRITE

257830 31 f f 7 FOR SOME 9 E Z
WE NEXT NOTICE

251833 257830 3 251830 23 q 257830

8 319 7 31 f 8



51833
THIS SHOWS THE REMAINDER OF 2 IN THE Division

BY 39 IS 8

iii LET KEIN IF 37 2K 39 FIND THE REMAINDER

IN THE Division of 12 BY 5

BY THE ALGORITHM Division THEOREM THERE EXIST

UNIQUE 9 r C IN SUCH THAT 12 591 5 WITH

TE 4017,21314 BY i THERE EXISTS ME

SUCH THAT 257 31 m 7 THEN

2k 39 259 139 I 131 Mtn 39

37 27M I 39

31 I M 1 t Zr 8

SINCE 31 2K 39 WE HAVE Zr 8 0

THIS SHOWS THAT re 3

IV FIND THE REMAINDER IN THE Division of

43 2163 t M 52 t 61999 By 37

NOTE THAT 61 2.31 1 31.2 1C 1 THEN

BY THE BINOMIAL THEOREM

61999 31.2 471999 29,1 919 gg cey999
k

999

E 99h9 3172k y999 R

ke



9909 35.2 cD999t 91929 si gk.c.p999
k

999

1 t 31 919 gl zk.cyg999 k
her

C E why

THIS SHOWS 61999 31 9 1 C2 FOR SOME g EZ

WE ALSO OBSERVE 53 125 31 4th THEN FORANY

MEN BY THE BINOMIAL THEOREM

53M 53
M
125 31.4 1 IE Mk 31k471m k

Mo 314 t 1 3174k

It 31 L 3am4k

EEF
31 9m t 1 FOR SOME Gmt E

NOTE 221 3.73 2 SO FROM THE ABOVECOMMENTS

THERE EXISTS 9 ie 9 73 C 2 SUCH THAT

g
219 53 73 31 g t 7

IN ADDITION BY i ABOVE SINCE 163 5.321 3



THERE EXISTS 9111 EZ SUCH THAT
160 5.32
2 2 2552 31.9 t 1

LET ME 43.2163 try 5221 61999

IT FOLLOWS FROM THE ABOVE COMMENTS

im 43 2160.23 t it 521952 61999

43.8 317 t 1 11.25 1317 t t 319 1

31 43.8 f t M 25G t f t 438.1 11.25 1 A

31 643.8g t M25.9 tf t 618
C E why

31 t t 31.191 29 FOR SOME TEE
31 th t 29

WE THUS OBSERVE Me 31 ttt 29 WHERE 1 EZ
AND 0229231 THEN BY THE Division ALGORITHM

THEOREM THE REMAINDER OF M IN THE Division

BY 31 EQUALS 29


