The Greatest Common Divisor (ged)

IF A A b ARE ARBITRARY InTESERS | THen AN inTeseR ol is sAid
To Be A CoMMoN DivisoR ©F 3 Awd b iF BoTH d/a Aws d/b. Nore
THAT 4 IS A DiviseR Of eveRy inTEEER. So, THE SeT ofF Thelr

PosStTIVE CoMmMon DIiVISRS 1S NONEMPTY. WE fow OBSeRvE (F Q=b=0
THe SeT Oof PosiTive CcommON DiUisRS oFf Q AW b S TINFINITE AS
EVERY INTEGER SERUES As A COMMON DivisoR OF & Am b. Howover,
When AT LleA<T ong oF 2 Awd b S DiFfsRenT Trom O , THERE
ARE only A FINITE NUMBER OF POSiT(iVE ComMon DiViSoRS. Among
THESE NUMPERS | THERe TS A LARGEST one, CAlLed THe Gpchresr
Compon  DivisoR [%cd) oFf 2 Awd> b,

DeENITION: [eT 8)b € £, NoT BoTH 2eRo. THE GReATEST COMMON
DiVisoR  OF 3 Awd b, penoted BY ged (aw) o (a)h),is
The YVositive inte¢eR d  SATISFYING  THE Eollowing

(<) dla aw d|b

(&) iF cla AW clb Twen < £4d.

EXAMPLE : THE PoSITIVE NUSORS OF 42 ARE 1,234,612
WHile THxE ©OF —I18 ARe 12,369, /3. Hence, Toe Posime
CoMmon  DUISORS  OF (2 AN —-18 ARE 1,213,606 . SiNC¢E
O s THE [(ARGEST OF THEST INTEGERSE WE CONCLUDE

THAT  qcd (12~ 18) = &. OBseRE ALso %ca![—fs,m):é.
N ADDITrON, c&cd (12/18) = %CJ(»!Z, 18) _ c&cd (12)-18) = c\gca{(—n,—m):@.



ExeRCict 4 : |eT ajbe ;NoT PoTH 2eR0 Avd LeT d¢ N-
PRove THe FolLowinG (i) —(4i<c) ARE EQUVALENT !

(<) d[3 , dIb avw> iF c/a 4w clb TheN ¢ £ d..
(i) dIQ ;dlb Avd THERE exisT siteZ Sucy THAT AS+bt_d.
(id) dla  dlb aw iF cla Aun /b THen cf ol

WHen (<) -(<i4) Holy | WE sy db= qed(d)bh).

SolLOT{ON: WE FIRST OBSERUE (T (S ENOEH TO Show THAT
(1) =p (4i) ;) (44) = (34d) Ann (432) (1) SiNCE | For INSTAME,

TO  SHow  (<4) =D (1) WE USE (Wi ) =h (B4x) =D (=) .

(A) = (i) LeT S = {&u tbs @ BUHLS >0, (|SEZ |
WiTHoUT Loce oF GeneRALITY , WE (AU ASSUME  THAT Q fo. Thew,
WE ORSERUE  THAT I&I e S since 3] = 3.0 +b.0 Where
U=41 (£ 9> Aw U=-9 IF Qzo. THeN , S 75 NoNeMPTY
Avd By ThE Wew- oRoeRinG  PRiNeiPle , S HAS A SmAllesT
Etement oy, THeN | d€S  ANN By THE PEFINITION of S, THcLE
EXST (NTEGERS S, €Z <ucH THAT ol=a.s+b+ . We
CLAM THAT o = c&c«l(&.b)- To PRouc TH< Clam, WE OBSZRUE
BY THE Diviston ALGoRsTHM THeOReM, THERE EXST T €%
SucH  THAT a:_qr-d-f\‘ WiTh ©£Tcd. Then,

M= 8-9.d = a-g(as+bt) = &.(1-9.5) +b.(-gt) .
ITF [ >0 THeN = .0+ b.s WTH U= 4~ﬁs, = ~g&.
THIS SHowS THAT TE€S AN So d 4 sine dis tie



SMALLEST  E£LeMENT OF S | CoNTRADICTING ThAT <. We
THoS HAve  THAT T=0. So; d=3.d ,3€Z A d/a.
SiMitARLY, By THeE  Division ALGoRITHM THEOREM | THepe exisr
9' v\ €FE  suH THAT b = ﬁ‘.dﬂ“ WiTh oifT'zd.
THEN,

M- b-9'd=lo-3(3st+bt) = 3.(-3's) +b. (1-9't)
TE ©U'So THeN T'€ S CoNTRADCING THe Choice o €.
Then Fleo  which inbiies THAT d/b. pevce , d 1S A
CoMMow  DiUSoR oF & AWd b. LeT C Be A Postrive Common
Divjcor oF Q AndD b. THen ¢/ Amd </b (Hicy TMPLies
THAT c[33 |, clbt Avd <o c|ds4bt . THen,
cl oy AV gives  ¢)dSo
d= caaaL(&(b) .

;e & ol. T#'S sSpows THT

(ii) = (iad) BY AssumpTioN we knvow o[/ Aun d/b.
LeT ceZ <Quch THAT ) Aaws cfb. RecAle Taspe excsr
St€ # Sven THAT A<4bt =d  BY HYypaTHecrc. THIS Shows
THAT c[8s , clbt A so  <[assbi =d,

[4‘,{2) _—,,')[4) B7 ASSOUMPTION e Anow  d/d Ay 4/b. SUPP2e
Now AT fd am /b | THeEN, By Hypwesrs, of<L.
THIS tMpLies  THAT el £ Id] =4, == cSo Toen el
Awd e ARe DoNe. OTHeRwise | IF crzo, CL-c ¢ zd

Ad Tz ResulT  Folrows.



RemARic: LeT ajbeN. Then 8=b icr alb Aw bla.

To PROVE THIS |, WE FMRST obsSetve , [F A=b WE CleARLY

Have alb AW bI3 Sivce 3o FoR eeRy dez.

Conversery ; ir  alb avd bl THen 3] 21b) A [b)L /8],

Ths  shows  |3]=|b]. SiNnce Q,bd>o e ThereFore HAvE

THE  INTE&ERS Q=b.

THIS ReMARK S veRy USEPUL To PRovE Tho GivenN MATURAL

NUMBER S Ace equaL !

EXERCISE 2: LET 28)b € Z ANOT Borp 2&Ro. PRove THE

Folcowing  Hold:

(<) (aib) = (»yd) |

() (3h) = (~a1b) = (3,=b) = ~3,-b) = (3], 1b]).
(44d) (8)4) = 1 .

(iv) (319) = Jal iF a4o.
(V) iF bgo Aw bla THen  (a;b)-(b].

ColuTioN:

(«C) LeT d;: Cé|b) AND d’*,:[b,é). Vote THeT oD And
dlb. Then dlb an dla an so dfdt SimiLApLy, SINCE d"/b
Ay 43 we e 4P| am dPb whick inpies 7). As
d%}o{ AND d/d’, BY THe Remaps , WE HAVE dJ=d7,

(ii) WE WilL prove THAT (8(b) =(~31b) . THE ReST of +he




EXERCisSE S SiMILAR AND THeReFoRs [=rT o The ReADER.
let d=0@b) d*=(-3,b). Note THAT d[d A dlb . THen, We
e  d]end =-a  pus dlb. THS pies THaT d/d*. Sitiay,
aue df-5 Aw b we hae Jf/@l)-(-é) =3 A JMb. T,
d¥]d. swee dNdse Aw d”/d/(//a”’ we Hae d=d”.

(i) WE omsServe THAT /8 Awn 79 . TheN, 913 A
CoMMon DIViSOR. oF A Awd 4. SubPose ThAT <2 Aws
el1r . yweN ez 4. We rhepefore  fAve (/1) =1

(iv) et Q &£ Qfo. Note THAT 3[3 A 50, [9]/3 .

IN  AbbdiTron, lal[o. 0, [a] js & common iR OF
A A 0. Supse pow THAT  2]d Avs /o . THeN
le] £ 181 4md &5, czlal. THeReFRe, (3i°) =[a].

(v) et be# bto. Swce blh an bld we opsepie
bl |b A Ibl|a . THen bl is A CoMmen DiVisoR of Q
A b, Suppose NowW  THAT A And elb . THen el 2 1)

s so , c zlel £Ibl  THs Hons yeaT  (db) =1b] .

EXercCise 2. let 3)b€Z opd inTEGERS. PROVE THAT

("4b1-2,16) = 16 .

SoluTioN: PY EX.2(V) v SUFFies To PRovE 46/8)”'%‘/»9\.
TROM THE BINMAL THeOReM E OBSERIE

4 -
L)' = 2, (00"



- [‘f) v+ (:’)-?X73+(;’)- o [j)/)-exg‘/ + [ 1) 4!
= Yt exy? e Yt zay + o xY,
We NOw ORSeRVE THeRe EXIST g,S €4 SucH THAT
A= 29+4 Ad  b=2S41 By ThHe 4léoriTiM Division Thopem.
e TteRevoee HAVE
- (2a40)! o 6974 32974949789 + 1,
bi-(9s+)! = a4 305> +oygties+ 1,
Tiew ¢
M- = 1697+ 329>4249%4 89 +165%3252+ s+ 85,
M- = b (91429 £ SMeas?) + (249489 ) +( 245%85)
e NEXT CLim THAT (6]24m?48m For cwry MEE .
SuPPoSE  TRIT THAT O (S gvenN. Té#enN M:Zb—/}léz‘gof
U mZ+ B = gm (3m+1) = 8.2k (390 1) = f6R(4R41)  4S
\g(CoVLHB CZ | THS SHows {é/?tfm7'+8/w. Assome nexT AT
M s Obd . THEN M=2kHl  heZ Theperore,
2y P+ B = Bm(2m41) = F(2ha)( 22kt +)
= & (2kt)(GRh+Y) = 8.2 (204H)(3k42)
= 16 (2ht1) [3he2) el (2h)(3442) £ Z -
So| 16 ]24m*+8m . Tirs Ppoves @R CLAM.
Hewce, USING THAT CLAMM, g CAN CONCLUDE THepe exisr
4' s\ e # <Suck THAT
24 3%+ 99 :/és,‘/ 94st4 85 =165 |
THUS,
40T L = b (914292 £ 5M425) 4168 + s\ = /4w



FoR song WeZ. THis PRoves 16[dMHbI-2.
evce , (314070 (6) < |96] = 16.

ExeRcise Y4: PRoVE THAT FoR A PosiTIVE iNTEGER M AnD Any INTESER
D [ THE NOMBER c&ci(a.am) DIVIDES M. TN PARTICULAR,

‘hcd,( 3y aH) = 4.

Solvtion: [eT d= (3)3+m)) . Then d]a Apms d/a«m. S0,

d| (3tm) =3  WHICH inpLies M. oV ppericulmr, iF m=q,
we ke dl1 Aw so d@,{-'l,/rf(. Lince a/>o[ e e o/=1.

ExepCise 5. Llet 3 bEFE. Proe The FoltowiNg Hab:

(<) THeRe EXST IWTECERS X AMdY For WHIGH c=23axtby (FF
acd (3b) | ¢.

[4‘4‘) |E THERE EXIST INTCEERS X AMDY FoRr lHicH a><+b\/=7&((a‘b)
THEN C&Qd (Xy) = 4.

SolutioN: e d= (ab).
(4) SoPPoCe THeRe exXiST IWTEGERS X AND ¥ Suck THAT C= Ax4by,
sivee d|3 aw dlb we wave dfax, J)py . tHeperore,
0// x4y wHich MeAnS e ConverRsely , BY ex-f) ;e
KNow THERE EXIST S/t € ZF Such THAT dstbbt=d . AS e

Theee extsTS R e Z Such THAT < =dh. THepeFore )
Cedl=@s+bt)k - 3(s)+b(th) .

TAKING X:= Sk €& , Y:= th €Z (e Hpe C= axtby,

THE ReSUT  Foliows.

[ii) OBRSeRuc THE MUMBERS % / % e giwce dld,db.




THeN | THeERS &XiIST XY EF Suck THAT gx+ y =1.
o

leT J* = (x;y). Note d*¥*So , d*[x m )Y THS,

* b Fl Qyaiby - T e =Fope
d /%K , d /JY Ad  so 4 /FX+77’7‘ [ flee sFope,
d*é{“’/”f SiNce d’">o/ we Have JT_ 4

DeCiniTioN: TWO iNvESZRS D Ad b y NOT RoTH OF GWHICH ARE 2eR0 ,

MRe sAidp To be RELATIVELY PRiMe ©OR CoPRIME |F c&cd(alb):i.

SOME __ {MPORTANT _ReSULTS

let 3 b € Z, noT BoTH 2eR0. THE TollowinG Holp:

R(<) qcd(ab) =4  iFF axiby=1 For Soke xyEZ.
R(i) iF qed(ab)=o THen qed (_,-) =4

RGid) LlerceZ. (e 8le A ble ) with %CJ(&(B):/' Then 8ble.
R(iv) ler cez . iF slbe wity ﬂcd(a.b)ﬂ Then alc.

EXERCISE ©: [eT & €# . SHow THE FALOWING:

(+) %cd,(z&-m, 92 ¢4 L[) =
(44) %cd( 5342/ 3a+3) =1

(i) 1F dis o> Then qod (33)32+42)=4.

SoluTioN: /=7 A cZ.

(i) BY RE&) ABRoE , it SufFies To PRoVE THERE extsT Mumez
Socu THAT Qiau) m + (“"ia-ﬂl)m =4.

We obseeve (23+1) m + (A+4)m = S-[2m+9m) + (mtym) — 4.
TheReFoRE |, we MAY TAKE awme Z Such THAT

2Mm 4+ 9m = O a=p 2m +49Mm =0 a=p Mm=-2
m + 4m = 1 L +Bm = 2 wm=9q



Sorwe HAve (2341).9 + (344).¢-2) = 9—e = 1.
THUS | BY RO %cd(zuq,%w) =9 Top e AEFE.

(i) let d= (5342 7342). THen, We omsefue
d| 5842 d| (Ba+)-3 d | 353 +44
= =
d| 3043 d| (F3+42)-5 d| 353 +15
we tHos Hhe  d| (353H5)- (383 ¢l) , ThaT is /1.
S0, de f~11}. Since d>0 e hae d=4¢.

(4ir) Suepose THAT QAEZ s ood. ler d=(33)33+2) . Then

d| 33 4> d|33+2. Thrs iMoLies THAT d/(aan)—aa , THAT 18
d|1. swwce dwo we have de 12 . Suppose THAT of=2
Then 2|33 . By R(iv) ABVE, Since qed (23) =1, wEHmE
2|3 . ThS SHowS THAT 2 TS &WeN ContRADCTING  THaT 215
odd. Thegerore JdL2 A so d=1.

EXeRcice 31 PRove THe FEoltowiné Holb :

(£) THE PRoducT OF ANY THREE CoNSecUTIVE iNTeSeRS is INUFSIBLE Ry 6.

(i) The PRoueT of AwY FouR CoNSECuTIE InreseRs S mivisidle By 24.

(i) The Power oF ANy FUE consearie [nTE6eRs s BIuS/BE Iy (20.

SoloTionN:

[i) ler ac Z. We Weed To PRoE THT 6 |a(3H)(8+2),

We FiRsT ASUME THAT QEN. WE WLl PROVE THAT 6/ Q(IH)H2)
For AL aeN. LeT S=/aenN: ¢]atmnEe) . vore mar
4. (040) (149) = 1.9.3 _ 4.6 . THIS SHowS THT 4E€S. Ghen hen,



W4, Assuve AT wWeS. THeN (W) (WD) =63 Fop gome
q,en\). We Need To show THAC Wt &€ S. NOTE THAT
WeO(U4) (h13) = (WD) (he2) + 3 (W) (ko)
= 69 + 3 [h+)(h+2)
Vow, orserve (WO (+9) is svenN Zuce Wt Ad W2 Ape Two
CONSECUTIVE INTEGERS  ANd S0, ONE ©oF Them 1S &ven. So,
WY (W) = 29\ For Sve 9l eN. ThHeperore,
(W) (5 = 69 +3.99' = 6(549) wra gugie
Then é/(hﬂ)(hﬂ)(h%) Ad 5o, Wt €S By THe MRencle
OF MATHEMATICAL [DUCTION | S = N« THS MeAnS THAT
D (AN (42) 15 divisieie By 6 Fr ey den.
Now , oBssrue  3.(31).(M2) o  WhHneER 3 & [-5- oy
A So 6] a(ak)(312) Foe Eery Intessr 2 2 -2.
hesume now THAT Q4 -2. THen Q.(34)(M42) <0. NOTE
2. (). (342) = =), ~1D . 2. (340 (342D
= 0. 1. a. (=1).@aN).(-1).(342)
= (0. (-3) . (2-). (=2 -2)
SINE -3 -2%0 | By The APole ComMMenTS , THE PRoDuCT
(-2-2). (-3-2+) . (-3-242) = (-a-2D)(~23~1)(-3) = & £ ;LEN.
Thererore, & (AHVWQ4) = (-1). 6t = 6-t) , —% c £.
This Shows  THAT 2 (d+)(42) is pivise By 6 For cvery
A e’
() [ET deF. We Wil Spow ThaT 24| AQHER)AEE) For
DiERy A€ F. WE FIRST CLhM T 24] QEH) (@4 FoR



EVERy A eN. TO PRoVE TS WE PRocezd RY _mabucrron-
TE Q<N Then 4 (40).(a42).(142) = 4l =24 4> 24/24 .
Gien he N >, Assome h(tO(htx)(ht3) = 249 ) g EN.
We witt PRove AT 2y (k) (ht) (kS )kt4) . wore TaAT
(W) (WD) (wt3) (M) = () (wb2)Ches) F Y[ ht1)(h2) (h+5)
= Wg+ K hr) (k42 (ht3)

Note <THAT Wil Wil hd  dee 3 consSccuTVe UTEGERS . <5
PN (2) | THeRE exisTs gle N SueH THAT [h%r)(hﬁ)//#b);ég\_
Thererore | 24 /(h+(3(h+2)(h+s)(l«+ﬁf) SincE

() () (k) = 2444 4.6 = 24( 949!) buiry 9ig'e¢ 2.
THS ProVES OUR ClAiM.

WE nexT opsefue 24 A(HN(2)(13) Too aery furzesk
3 elai-y-3y sive A1) =o= 2o
fosume Now THAT A £-3. THed, —8-3o A4 So THE
PRobueT  (~2-2) (<a-3 +1) (~3~3+2) (~2-343) = £.3)(-8-)(R2)3-3)
IS DIVISIBLE By 6. Then, (6 / (-8)(a-1)(~2-2) (<3-3) . So,
é/ (<) - (=3). (=0)- (<a=1). (=0). (=3-2) . (~(). (~2-3) _ Taar is,
é/ Q. (A+) (42D (A+y) . THIS SHowS THe PRODUCT

3 (A+)(A42)(343) 15 DiviSIBE Bf 24 Fob mEfly Q €F -

Tlhe ResulT Follows.

(i)  SIHIAR 1O () (i) AROE Au> Thepefors Tt 5 lePT
AS AwnN ExeRarse.



EXERCISE B: e+ acZ Be AN Obp INTEGER, SHow THAT
The ProbocT  3(aZ-1) js DivisiXe BY 24.

SoLoTION:  [eT A ez B Av ODd INTESER. Thew, By THe DV

MeoriTiM  THEOREM, Q =4G+ I TR SOME G TEZE WITH
rejlom,a,'b((. SINCE Q IS obD, F§f<o,zlj AND So, red)34.
TheN  al= M9+ = 92+ 89r +v>. =F =1 , we GeT
2= 92+2494+1 = 8(292+9)+1 WHie TF T=3 ,LE e
Al- (69T 4244 +9 = 8(292+39HM) +1. THebsPore | Thepe
Extsts heZ SucH THAT Q%= 8k+1. THAT is, a2-1=8k.
Thew , 8] a2-1  whicy MPLiES 8| 3(d2-1) . on The oTHER
Hawd> ; obseRVE Q(A2-1) = &(a+H)(A-1) = (3-NNa(d+) (5 The
PRobucT oF 3 CoNSECUTIVE TMTEGERS. THEN, BY &X.6(<), iTi
DUisIE By 6. BINE  3[6 Aud 6]8(a%1) we Hhve
2[3(a2-1). NoTe THAT (3,8) =1. o, By Rlit) fpove,
2.8 | 3(321) . THAT s 2431 .

ExeRcise 9 CoNFiemMm ThHe FllowinG PRoPERTFES OF THE

BReATEST COMMON  DRYISOR ;

(<) 1€ (aih)=1 AvdD (§,c)=1 THeN (Q,bec) =4
(&) iF (dihp) =1 Awd c[d  THen (bc)=A.

(4i4) iF (db)=a THen (dc,b) = (¢b).

(iv) F [&h) =1 Awd ¢l atb THeN  (38) = (o) = .
[v) IF (81h) =1 / dlac A dlbe THen dfc .

(Vi) iF (ab)=q Then (%b*) =4,




_SoLuTION: [eT Qe €Z piFFerent FRroM O,
(i) Since (ah) =1 Aud (1€)==, Theee ST Mym p9eE
SUCH THAT  Amtbm =1 Aud aptcgs=1. Then , e Canv WRITE

1=11 = Qusbm) (aPteg) = AmaP + Bmeg+bmap+bmeg.
- a(m&[?+nwc9r+bm]>) + be(mg).
HENCE | THERE EXIST XY € Z ;| X:=maAPtmegtmp | .= mg
SocH  THAT A XtbeY =1 Thrs Shows (dibe) =1.
(M) Sivce () =1  THERE €xtST X \YEZ Swi THAT AX+bY =1,
NoTice d=cg ;9€Z As c|d WE Ths H4avE
1= 3x+by = cax+by = by +c.(§xd .
THIS Shows  THAT (b e) = 4.
(1) LeT d= (acib) Aun d*= () . since d¥fe, &b Then
d’/ac Ay dHb. 5oy d¥ is 4 coMMON DivisOR oF Qc Awd b .
THEN | d*, d. OBScRUE TheRe Exier SEEF SUh THAT
Qstbt=1 sivce (d(b)=1. IN AspiTion, AS dlac m» db
We CAn WRite AQc=dk ;, b= dL FoR SoME k, Le &
Notice dJd¥=cpibg Foe soME P eZE. THEREFORE s hE HAE
d¥o d*. 4= (cPthe). (ds4bE)
= CP3s t+cPbt 1 lbg (astbt)
Ac(P) + b [ cPe+9(a5+bt)
= dk [Pe) + dL(cPetg(astht)) = d.o Fer SME UeZ.
THis Shows THAT  dfd¥ Swee 990 dT>o we e d=df

—

[(V) Lf?r d: C&'C/) AND ol*= UO/C). WNE KNOW THAT [&/b):ﬂ
A e Qb . Sivee dlc Avd el 8y we ceT dfath. sine



dla we Wve df ()-8 , tiTis dlb. S0, o 15 A comen

DIVISR oF Q& AM b THeN d £ (31h) =1 WiicH Mes d/=1.
SimieLy, As Jflc a> clath we GeT dF/ath o <o

df[ (3%) - =a. swee dta mn o we tae Sfzol=q.
This  shows  d=d*-1.

(V) Sutpose (31h) =1 / o//ao, d/be. Then Thepe sxtsT
INTEGERS  mmym, k£ Such THAT Bmtbm=1, dh-ac, ol=be.
TheleFore [ we CAN WRITE

C= C.4 = c(amt+bm) ;(303 a4 (o) m = Al & o(_QM:a/[}zmMm),
TS ShowsS THAT dlc.

[\/D suppce (3ih)=1- BY (iil) AeovEe WE GeT
(azb) = (a3 b)) = (31b) = 1.
So, iF (Ab)=1 THen (azb) =1. Nove THaT (Ipd)=(dib)=1.
Then  (b%) = 1. So; (8%bh) —(b4Q) = 1. we vexr APPLY
[<is) AmovE Aemin. since  (8,b*) =1 THen
(3%1b%) = (83b%) = (ab*) = 1.

ExeRecise 40: [LeT +m DenNoTE THE M-TH TRIANGULAR MNUMRER.

FoR WHAT VALLEES OF M DOES 4 DiVide #adtot. . +Em?

SOLUTION: RechLe THAT tm= (MelH) =_MMH)  Aup THE SuM
2

M
S te = M) (ME2) mM(MH)  ma2 = Em. min
le=1 A 2 3 >

THTS  MEANS THAT  +m DIVDES THE SuM bitdat .4 £m (EFE THE




NOMBER  M+2 ¢ IN. BY The ALBoRiTHM DivisonN THEOREM,
WE CAN wP%“Te M=3%+0 With 3, TeN, Telonzy,
NOTE THAT M4L = 294T+L . So, [F 3|me Then 3)ree
WHICH [MPLIES T=1. THeReroRE M= 3941, 9eN.

exXercise 41, ler Qbjc & 2/ DI EFeeeNT FROM 0. FF a)b&

shHow  THAT & (2ub) (2:1¢)

SoloTioN: LeT d=(3h) AD o™ (a0). ThenN , d=3stbt

ANd  J* - Ap+Cg For SoME St P9 € # . MokeoueRr, TheRE
Existe Qe Suck THT be =22 siwe 2/be. Jence,

dd*. [as+br)(aptcg) = (as+he) AP + (astbr)Cg
— AP astbt) +as.cqg +hteg
— [ Plasthe)+ scg + be. %
— Q[ Pastht)tscg] + QL. £3 = 3. W Br swwe W,

We Theeetoe HAe o | do*.

EXERCISE 42t [eT 2,b € Z NoT BorH 2Zekro . =% (Qh)=A
PRove AT (%, b™) =1 TR evwery mmme N.

PWToN: Ler abeZ Nor BOTH 2epro Such THAT (21b) =A. THeN
THERE EXTST St € F Suckh THAT Q3+bt=1. We FReeT
Show THAT (@%,h) =1 TR eusey me N. [ET S Denore
THE SeT S:= 4 meN: (a“",b):/ljﬂ, NoTe THAT qeS




SINCE (310) =1. AssuME Next THAT We S wor Some hen) hsa.
THen (a%b) = 1 . BY ex lii) We HAve
(8™ ) = (8" 3,b) = (a,b) =1.

THTS SHowS  THAT WH €S Ad So S =N By T Peivele
oF  MATHEMATICAL  [{NDUCTTON.
WE Now Fix MeN Avd ConsideR THe SeT™ T—'»:)LrW\éN:(&N,\bM):/I (l'
Tt FolUowS From THE APWVE CoMMENTS THAT ] &7 Swee
(A% ) =1. hssumc Next THAT We T For Some WeN h>.
Then (3™ b")=41. By ex qlii) Wwe HAE

LA™ 0"™) = (K"3™) = (" b, a™) = (b a™) = (a%b) = 1 .
THTS SHowS  THAT Wl &é T AND so T =MN.
Theterore (2 b™) =1 Tor BwRy mmeZE .

AS AN exeRcrse , ProvEe exererse 12 WiTHOUT (NDUCTON
BT OSING  LiNeAR CoMBINATIONG  AND THE BIiNoMiAL THeoREM.

EXERCisE 12 LeT d1be Z NOT BotH ZERO . LET CE&Z , c£0.
PROVE THE Followine  Holb:
() (ca;ex) =ld. (ap)
(i) F (3b)=d Then (3™ b™)=d" Fop ewry MeN.

SoluTion :

() LeT dbeZ Nov BoTHIERO. LET C %, C#0. LeT
d= (cach) AW  J*= (a)b) . NOTE HT ThesRe exisT
X\yE&Z SuH THAT Jd¥= 3 X 4+ by . TWS imPLiES THAT




lcl.d* = lc] (axtby) = leldx+icloy .

Rechr v w|2 Then wl2.+ TR aery teZ.
TN PAWTCOLAR | W[ Aw w]-2
since  d|ca A dleb  we ke dllc-a A dlicl v
so, dllclax A dliclby . The Showe gl/ lelax+iclby
Whtch  meas  d| le|d*
We Now CLAN ThAT  [cldt [ ca . To Preve This , votE
Jla mn 50 dfR 3 Lez. Then

ljd¥ 2 = ldJa = { cad 1P ey

-cN.a IF czo

o, el d¥| ledd  which inpee THET feld*|ca -
gnee dF|b we sty Have  leld el Awd solcld*’cb.
THEW, le| dF| ca  Awd Icld"'l clh iMPLiES [dd*[d«.
WE THERSTRe HAVE = Ie| d* .

() Suthse (Db)=d- THEN | d= axavy For xyez.

Nove 1 = Xt Ly Whsee 3 b eZ . THs
d

THeN| A -dQ Aw b=dm with (Lm)=1.
60\ o e\IEQ-‘I MG:)N'

(3", ") = ( (de)™, (dam)" ) _ (d”!‘_Qm\, d" (m“)
= d. (LM mn) = 4" a4 = 1" = d™.

EXAY(L) ExAL



