












































































































PROVETHAT if d is A COMMONDivisor OF 2 AND b THEN
D gcd a b IF ANDONLY if Gcd ad bd 1

SUPPOSE FIRSTTHAT D gedaib THENTHERE Exist x y E Z suchTHAT d axtby
THEN WE CANWRITE a X tb 1 1 NOTE THAT dladlb TELLS us THAT

at d
ANDby ARE INTEGERS LET d god Edby WETHEREFOREHAVETHE

NUMBERS d adAND d bd WHICH IMPLIES d XtbdY 1 So ditch1,1g
SINCE d't 0 WE THUSHAVE dE 1

CONVERSELY if Cd Liby 7 THEN THERE EXIST S t E

SUCHTHAT Id St bat 7 THEN a St b t D LET d't dlb
As d is A common DIVISOR of BOTH 2 AND b WEHAVE dEd
MOREOVER SINCE d d AND d b WE HAVE dataS AND d lb t
So d I a Stb.t WHICH IMPLIES d d THIS SHOWS dated
WE THEREFORE HAVE d d

LET 2 b E E BE COPRIME PROVE THAT gcd atb a b C 1,2J

LET D atb a b THEN d atb AND d a b

THIS IMPLIES THAT d Itb Hd b 22 AND dl Itb Lab 2b
SINCE d122 AND d2b WE HAVE d 2212b NOW WE NOTICE

22 2b 121 aib 2 aib 2.1 2 SINCE Gib 1 THIS

SHOWS THAT d 2 AND so d C 4h24 NOTICE if 2 3,5 1

WE HAVE Calb 1 AND Catbid b 4127 2 SIMILARLY if

2 3 AND b 2 THE NUMBERS aib 1 AND Catbirdb 5,17 7

So BOTHPOSSIBLE VALUES OF d CAN OCCUR

Exercise:

Solution:

Solution:

Exercise:
















































































































LET dibCZ BE COPRIME FIND gcd2atb 3A 2b

LET D 2atb 32 2b THEN

1.9317 1.9s3S 491 aim
SIMILARLY WE HAVE

d 2atb dl atb7 t2 dlHd2b
dl za

dI3a 2b dl 3d 2b dba 2b

SINCE d 72 AND d7b WEHAVE d 7217b NEXT WE OBSERVETHE

NUMBER gcd 72 7b 171gcd ab 7 1 7 SINCE d ANDB ARECOPRIME

THISSHOWSTHATdefrayWEwillNowSHOWTHAT BOTHPOSSIBLE VALUESCAN occur

If 2 1 b 0 WEHAVE 2atb3A2b 2137 1 WHILE if 2 3,5 1 THENUMBER

2atb 32 b 717 7 THE RESULT Follows

LET dibC Z coprime PROVETHE FOLLOWING i ii HOLD

i eyed atb a'tb2 1 ii gcd atb 2b 1

i LETD att Itb NOTETHAT d atbAND dIa2tb2 So alllatb d b 22 b
WETHEREFORE HAVE d 2215 225 WHICHIMPLIES all22 SIMILARLY d Ca2tb2 225
So dl2b THIS SHOWSTHAT d 222,25 NOTICE Now 2221257 12112452 2Cab2 2
RECALL WHENEVER Gib 1 WEPROVED Cambn 1 FOR EVERY MEIN HENCE dt2THISMEANS
de41,24 NOTE if 2 6 1 THEN D 2127 2WHILE if 2 2,6 1 THEN d 13,53 7 THUS
BOTH POSSIBLE VALUEFOR I CANoccur THISSHOWS EITHER d n or d Z

ii LET D Gtb 2b NOTE THAT d atbANDd2b So all b a ab WHICHSHOWS
THAT dla SIMILARLY WEHAVE d Catbb ab THAT is allb2 WETHUSHAVE d a4b4
SINCE Hib 1 WE HAVE 22b2 1 So d 1 WHICH SHOWS THAT d I

Solution:

Exercise:

Exercise:

Solution:














































































































LET2lbE Z atobto ANDLETMEIN SHOWTHATal b if ANDonly if dmIbm

Let a bC 2 AND MEIN since albTHENTHEREExists KEZsuchTHAT ak b THEN WEHAVE

bm k d kn wit KNEETHISSHOWSTHAT a Ibm CONVERSELYAssumeTHATamb

THEN WECANWRITE amg bForsome g E Z Let D gedaib THENTHERE Exist sitez

SUCHTHAT a d s b d t Ano Sk n This impliesTHAT

dmSmg dstq amq bm dm.tn D dm Smg tn O D Sm.q tn
d 0

THIS SHOWS THAT SMIEM WETHEREFORE HAVE THAT goal Sm tn 154151

HOWEVER since sit 1 WEHAVE Smith 1 WHICH IMPLIESTHAT 15111 ANDso

S E L 1 I NEXT WEOBSERVE EITHER a D OR de d CONSEQUENTLY EITHER

be a t or be a C t HENCE 2lbAS WE WANTED TO SHOW

PROVE THAT IF gcd.lab 1 THEN gcd att 2b 1

LET 2lbEZ SUCHTHATCalls 1 LET D atb ab THEN WENOTE

dlatb
fddfaytb7

a
sfdd4aab2tab osd1ca2tab7 ab ssdla2

dlab
SIMILARLY WE OBSERVE

daffutb daffotb
b

ddfaa.IT dllabtb't ab dlb

NOW NOTICE THAT DIAZAND db2 THISSHOWS THAT d Ca4b2 SINCEcab 1

WE THEREFORE HAVE Cd4b2 1 HENCE d 1 WHICH MEANS def 1ay SINCE
dSO WE HAVE d 1 THE RESULT Follows

Exercise:

Solution:

Exercise:

Solution:














































































































THE NOTION OFGREATESTCommon Divisor CANBEEXTENDED tomore THAN Two INTEGERS

IN ANOBVIOUSWAY IN THE CASEOFTHREE INTEGERS acbicc E not ALLZERO

THENUMBER gcollaibic is DEFINED TO BE THEpositive INTEGER at HAVING THE

FOLLOWING PROPERTIES

i d is A Divisor of EACH of a b c

ie if hla hlb h1C THEN h E ol

LET a b C BE INTEGERS NOTWO OF WHICH AREZERO AND LET

D a b c SHOWTHAT D aib c a bic laic b

i LET a b C C 2 NoTWOOFWHICH AREZERO LET D Calbic

di aib AND Dr dmc WEFIRST PROVE THAT Dr D NOTE THATBY

DEFINITION OF Dn WEHAVE DaleANDDalida Similarly By Definition of dn WEHAVE

dela Anos delb THEN SINCE DrIdi ANDoh12 WEHAVE Data MOREOVER As DrIda
AND dnlb WE HAVE Dnlb THEREFORE Dr DIVIDES a b c THIS impliesTHATDrEd

NOW WEOBSERVE dye axtby Forsome x yez SINCE de dib IN AdditionAs

I 12 AND d b WE HAVE allax dbyAndso allaxtby dry Since d drAND
dlc WE THEREFOREHAVE d duc THATis all D AND so ol EDn THIS

SHOWS THE NUMBERS D Dr

LET d2 bic AND LET Dz aids WENEXTSHOWTHAT DE De

BY Definition of DrsWEHAVE 1322ANDDsldz Similarly ByDefinition of dz WEHAVE

dolls AND dark THEN 132lb ANDDale Since Darla ANDDzlb WEHAVEDa aib da So

Did AND Dale implies Dzlldmc Dr THAT is Dalby ONTHEOTHERHAND BYDefinition

of Dr WEHAVE DrIda ANDDale ByDefinition of da WEknowdataANDdollsTHISSHOWSTHAT
Data MlbANDDale So DilaANDDr bic da Since DilaANDDildzWETHUSHAVETHAT

Exercise:

Solution:














































































































Dnlaids Ds HENCE DalD2AND DaD2

LET ds La AND Dz Cdsb WENEXTSHOWTHAT Dz Dz ByDefinition of DzNotice

Dalde AND Dala Similarly ByDefinition of dz WEHAVE dz b ANDdate Thisimplies

THAT Dala 172lbANDDale SINCE DalaAND DslcWE HAVE Dsltale d3 THEN

AS Deldos AND Dslb WE HAVE DslCdsb D3 THIS SHOWS DosEDos

ONTHEOTHER HAND BY DEFINITION OF Dz WEHAVE D3d3 AND 133lb SINCE

dos is AcommonDivisor of 2 AND c dosla dz c WHICH implies Disla Dsk As

Dz b AND 1331C WE HAVE Dsl ble d2 THEN SINCE DsIda AND 133 2 WE
HAVE Dz Lolz a THATis DslD2 ANDDz D2 THEREFORE Dz D3

CONSEQUENTLY D D1 D2 Dz THE RESULT FOLLOWS

THE GREATEST COMMONDivisor OFTWOINTEGERS CANBE FOUND BYLISTING ALLTHEIR

PossitiveDivisors AND CHOOSING THE LARGESTONE Common To EACH HOWEVER THIS

is Not A GOODIDEA FOR LARGE NUMBERS A MORE Efficient PROCESS is THE

EUCLIDEAN ALGORITHM EA WHICH INVOLVES REPEATED APPLICATIONS OFTHE ALGORITHM

Division THEOREM ADT THE EA is BASICALLY BASED ONTHE NEXTRESULT

LET a b EE bfo SHOWTHAT if D b9 TF WITH fir c E THEN

aib b r

LET D aib AND LETd bir WEOBSERVE T a boy So since dbTHEN

d bq WITH FEZ As da WETHUSHAVEd a boy r THISSHOWSTHAT d isA

Common Divisor of b AND T So itMustBE did't SIMILARLY SINCE dt b THEN

DAIb9 WITH FEE So As d r WEHAVEd bqtr a THISSHOWS It is A

Exercise:

Solution:

The Euclidean Algorithm (EA)














































































































COMMON Divisor of 2 ANDb WHICH implies d Ed HENCE D d't

THIS LASTRESULT NotonlyALLOW us to compute THE GREATESTcommonDivisor of two

INTEGERS a b b70 But Also Gives us AWAY To Find A LINEAR combination

DX t by of SUCH NUMBER

LET dib c Z bfo THE FIRSTSTEP is toAPPLY THE ADT to 2 ANDb to GET

a 9a b try with Ern b IF itHAPPENS THAT r o THEN bla AND aib Ibl

WHEN r fo Divide b BYM TO PRODUCE INTEGERS qs or satisfying b far Be

WITH o EFr LTn IF 52 0 THEN aib bin Mio rn OTHERWISE WE

PROCEED AS BEFORE THIS STEPS CANBEDONE UNTIL SOMEZERO REMAINDER APPEARS

SAY AT THE Mta TH STAGE WHERE rn 1 is DIVIDED By rn NOTEA ZEROREMAINDER

occurs SOONEROR LATER BECAUSE THE DECREASING SEQUENCE Ibl a ok 20

CANNOT CONTAINS MORE THAN Ibl INTEGERS WETHEREFORE HAVE

D 9abt rn o r b
b gar tr rz rn
Me 93Betts o Barz

TmI qm.fmatom oLrn rn I
Tmi qmti.tn to

so WEHAVE dib bin Tritz Tmirm Crno rn

THIS SHOWS THAT rn THELASTNONZERO REMAINDERTHATAPPEARS EQUALS aib

USE THE EUCLIDEAN ALGORITHM TO FIND X y E E SUCHTHAT

i 9901187 990 1874 ie 2532,63 2532 634

1 THE APPROPTATE APPLICATIONS OF THE ADT PRODUCE THENEXT

EQUALITIES 990 187.5 t 55
187 55 3 t 22
55 22 2 t 77
22 11 2 to

Exercise:

Solution:












































































































THEN WE OBSERVE

990 187 187 55 155,22 22117 Mio P

To WRITE 11 AS A LINEARCOMBINATION OF 990 AND 187 WESTARTTHE

NEXT TO LAST EQUATION 55 22.2111 ANDSUCCESSIVELYELIMINATE THE REMAINDERS

22 AND 55 As Follows

11 55 2.22 55 2 187 3.55
55 2.187 6.55
7.55 2.187
7.1990 187.5 2.187
7.990 35.187 2187
7 990 37 187 990 7 t 187L 37

WE THEREFORE HAVE 990 187 990 1874 WITH11 7 Ye37

in THE APPROPRIATE APPLICATIONS OFTHEDAT GIVE US THENEXT EQUATIONS

2532 63.40 12
63 12 5 t 3
12 3 4 TO

THIS SHOWS 253263 63 12 112,3 3 o 3 NEXT USINGTHEABOVE

EQUATIONS WEWILLWRITE 2532,63 ASALINEAR COMBINATION OF 2532AND63

To Do THIS WE OBSERVE

2532163 3 63 12.5 63 2532 63.401.5 63 2532.5 63.200

WE THEREFOREHAVE 253263 253215 t 63.201

FIND X y z C Z SUCHTHAT 990 187,512 990 1187 5122

BYTHE PREVIOUS EXERCISE WE NOTE 990 187 11 990.71487C37

NOW WE OBSERVE 99011871512 999187 512 M 512

BY THE DAT WE HAVE THE FOLLOWING EQUATIONS

Exercise:

Solution:










































































































512 46 M t 6
17 6 7 t 5
6 5 7 t 7
1 1 at

THIS SHOWS THAT 512 11 11 6 6 5 5 1 e 1 0 7

MOREOVER WECAN WRITE

1 6 5 6 11 6 6.2 in

512 46M 2 77 512 2 t 17 C 93

WE THEREFORE HAVE

19901187,512 77 512 1 512.21 11 C 93

512 2 t 990 71 187C 37 C 93

512.2 t 990 7 C93 t 187 37.93

990 651 t 187 3447 512 2

THEN WE CAN TAKE X 657 Y 3447 AND 2 2

IT is CUSTOMARY To APPLY THETERM DIOPHANTINEEQUATION TO ANY EQUATION

IN ONE ORMORE UNKNOWNS THAT is TOBESOLVED IN THE INTEGERS THE SIMPLEST

TYPE OF DIOPHANTINE EQUATIONTHATWESHALL CONSIDER is THELINEAR DIOPHANTINE

EQUATION IN TWO UNKNOWNS DX 1by c WHERE dib c E E WITH dANDbNOT

BOTH ZERO A solution of THIS EQUATION is A PAIR OF INTEGERS Xoyo SUCH

THAT 2Xo t byo c Conditions FORSOLVABILITY ANDFINDING THESolutions

if POSSIBLE AREEASYTO STATE AS WEWILL SEE IN THE FOLLOWING THEOREM

The Diophantine Equation ax+by=c
























































































WHICHOF THE FOLLOWING DIOPHANTINEEQUATIONS CANNOT BE SOLVED

i 6 514 22 ii 33 144 115 iii 14 1354 93

IN ORDER TO DETERMINE IF THEGIVENDIOPHANTINE EQUATIONSCANORNOTBE

SOLVED WEWILL USETHE THEOREM ABOVESINCE 6,51 3 AND 3 DOESNOTDIVIDE

22 THE EQUATION 6 514 22 HASNOINTEGERS Solutions SIMILARLY WEHAVE

THAT 1435 7 AND 93 is NOTA MULTIPLE OF 7 THUS THEEQUATION

14 354 93 NEITHER HAS INTEGERSolutions HOWEVER WEOBSERVE 3314 1

AND 1 115 HENCE THE EQUATION 33 1 144 715 HAS INTEGERSOLUTIONS

DETERMINE ALL SOLUTIONS IN THE INTEGERS OF

221 X t 35 Y 17

IN ORDERTO SOLVETHEGIVEN EQUATION WE WILL USE THETHEOREM ABOVE

FIRSTLY APPLYING THE E A WE FIND 221 35 1 IN FACT BYTHE

DAT WE HAVE
221 35.61 11
35 11 3 t 2
11 2 571
2 1 2 to

AND so 221135 135,11 17 2 2 9 7 o 1

THEN SINCE 2211357 1 AND 1 11 THE EQUATION 221 354 11 HAS

INTEGERSolutions TO OBTAINTHE INTEGER 1 AS A LINEARCOMBINATION OF

221 AND 35 WE WORK BACKWARD THROUGH THE PREVIOUS CALCULATIONS As

Exercise:

Solution:

Exercise:

Solution:



FOLLOWS

I 11 2 5 11 35 11.3 5 11 35.5 M 15 16.11 35 5
16 221 35G 35 5 16.221 35.96 35 5 221 16 35C701

UPON MULTIPLYING THISLASTRELATIONBY 11 WE GET

11 11.1 11 221.16135C105
221 16M 35 n c105 221.176 t 35 C mm

THIS MEANS THAT X 176 AND 4 1111 PROVIDE ONE Solution TOOUR

DIOPHANTINE EQUATION EVENMORE ALLOTHER Solutions ARE EXPRESSEDBY
176 t 3,2 t 176 35 t 1

WHERE EEZ
Y MM 2,21 t mm 221 t

DETERMINEALLSolutions inTHEpositive INTEGERS OFTHE FOLLOWINGEQUATIONS

i 18 54 48 iii 123 3604 99

ii 54 211 906 iv 158 574 7

i

Exercise:



Iii

iii



iv

FINDTHENUMBER OFMENWOMENANDCHILDREN in A company of 20 PERSONS

IF TOGETHER THEY PAY 20Coins EACHMAN PAYING 3 EACH WOMAN 2 ANDEACH

CHILDREN 1 2

Exercise:



if A ANDB ARECOPRIMEPositive INTEGERS PROVETHE EQUATION 2XbYC
HAS INFINITELY MANYSOLUTIONS INTHEPositive INTEGERS

Exercise:


