Primes and their distribution

DEFiNiTIoN: [pT AeZ , & 54 4-4, 0,4&, We SAY ThHAT & is RME
i TS onNLy Ditisors ARE £ Amd> £P. TF Q IS WOT PRIME

ThHen WE SAY THAT & IS CoMPSiTE .

EXERCISE: |gT ae€ Z, A& 4-197{. SHow THeRe £xisTS A PosiTivE

PRIME P sSucH  THAT YP/&. TN PARTICULAR , iE Q el 1S poT A ’PR{ME,

THERE Ex3STS A POSITIVE PRIME P <A Suan T#T PJA.

Soluvion: leT deZ, Q& {-1o1. leT S Be Tve <eT
S=fmeN: m22 and mla |

NOTE THAT S € AN . HOREOVER, {F Q>0 THEN A2 Awd 3)d
WHICH [pPLiEs THAT QA ES. SIMILARLY , (F A<40 TheN AQ£-2
MWD So —a €S Since —-a>2 A -3[a. THIS Shows
THAT S s NOT BMPTY. flence | By THE  IWELL- ORDERING
PRINCIPLE , S ConvtAing A [EAST ELEMENT. LeT P DENOTE
SuCH A NuMBgR . THEN, Pe N, P22, P]a Awvd PLm
For A MeS. LeT's Prove THAT P is PRiME. =TT SuFFies
To Show  THAT THE only PoSiTiVE DiuisoRS oF P Ape 1P,
NoTE THAT 41]|P. LeT o e N Sucy TwaT d[P Axd df .
siNnce de N | dF1 WE #AE <L =2 . IN AdPDITION, AS
dIP Aw Pla we #ME JJS. Tuen, dcS Aws Piol
As P is THE [EAT &levENT OF s, ON THE oThep HAMD,
SiNCe d’,‘PeM A>  dIP we Hive 4P, THIS Shows



THAT  d=P. THEN , Divt(p) = {1P} . WE THeRerope
Hwe TwaT P is PRME | Pemn Aws  Pla.

SUPRSE NOW THAT A &N s NT A PRME. THeN; FRM
The ABOVE COMMENTS , THeRE EXSTS PeMN  Sucy THAT

P s PRme Am pla . So ; P£38. Swcece P IS
PRive A Q s poT PRIME , THE cAst Q=P CAmnNoT
HAPPEN. So, TF Qe M iS noT A PRIME | TheRE &XiSTS
A PositivE  PRME P2£AQ  Sucw Tear  PJI.

EXERcisE: LeT Q€N ,; Q44 TF Q IS NOT PRIME THEN THERE

EXTSTS A PRIME P Such TeAT  41<4PE8 Ans pla.

SoluTion: [eT demN, &4£1. SUPPOSE Q TS NOT PRiME -
letT S B THE SeT S:_-.,i menN : Mis Prime A m|a§.
NoTes THAT S SN Awd S49 By THE PRevions exercise.
80, BY THE Were ~ ORDERING Principre, S #AC A LeAsT &lemenT.,
LT P DENOTE 3uch A NuMpeR. TteN) Pen, Pis RiME, pla, P22 Aud

P£ m For ewry meS., SINE Pla | THERE €xicrs he%
Suth THAT Q=P b. Nore THAT be M Sinvce denN, PEN.
We AlSo OBserve THAT bF£4 . OTheRwisE, iF b1, Wg
HAVE Q=P ConNTRADICTING THAT PLA. THeN; siNe ben,
bf4, THERE EXISTS A PogiTIVE PRIME G Suck THAT
alb. since  glb A b]a we HIVE g3 . THS Shows
THAT 9 €S Aw so PLg. WE Also ORserRvE g £b



Sivce  glb Am> g ben. WE THI HAve

PA- PP £ Pg £ Pb=2a,
HeNce , & Qe N, d47 is NoT PRIME, THere exisTs A
PRIME P <Suck THAT PJa Awd 12 P £ (3.

EXERCISE: FinND ALL PosirivE PRTME NUMRERS Legss or EQUAL
THAN 28 . S 1009 A  PRIME NUMBER ?

SoLUTION :  JeT 'S WRITE THE FIRST 33  NATURAL NUMRERS
197 2 3 H 5 6 + 8 9 (o
M 92 13y (S b [+ 18 4 20
2 92 2% 24 26 26 2% 28 29 3O
34 32 33 3y 35 36 3% 36

BY A Peevious eExekcise | RecAL TR QA EN; Q£ fe NOT A
PRIME  NUMBER | THERE €EX7TS P& N PRIME SUCH THAT
Pra A Pla. (#)
BY De®infvioN | 4 IS NoT A PRIME. So We DEeTE 1 FRoMm
Ovr LT . SUPROSE Now AT L iS NoT A PRWE . Thed | By
() THeee 1S A PRIMNE P SucH THAT AL PL2 Aw P2
WHTCH TS NOT  PogiBle . So) 2 1S PRIME . g Addirton,
EVERY  Multiplte oF 2 [£ES OR eQUuAL THAN 38 IS NOT
A PRME NUMRER. SO, WE CAN DELeTE THeM TRoM OB /jgT:

9 2 34 5 (6 *+ B U (S

M @ 13 y S5 {6 1+ 18 [ @o

2 @2 2> @y 26 26 2% 28 29 3O

M 32 33 @) 35 86 37 38




NOW, THE FiRIT OF tHE ReMAINING NTeQer 1S 3 WY
MIST RE A PRIME. OT#HeRwise, i 3 s NoT A PRIME ,
TheRe exieT PemN Sucy T 14 P£ 3 Avs Pl 3.
THEN  P=2 BUT 243 ;, A ConTRADICGHON: SIMILARLY ; ALL
THORE NUMBERS DIVISIRLE BY 3 [&sg T#AN 38 TS noT N
THE LisT

9 ‘23 H 5 (6 + B8 U

m @2 15 (y S (6 > (8 4 @2

29 92 25 @9 26 26 2% 28 29 3O

31 32 33 34 35 @6 27 36

THE SWillesT iNteEGeR APTER 3 THAT #AC noT YeT mEEN
DELETED S §. BUT By (4, 5 13 PRIME SINCE ©
¢ Nov DivisiBle BY £iTHe® 2 ok 3. a0 APDIon, ALL
Procee WiLtieles oFf b  flee RemoveDd Sruce THeY Hee
( OMPOSITE .

9 2 3 H 5 6 F+ 8 9 (O
“ @2 15 (y S (6 >+ 18 4 @2
29 92 25 @y 26 26 2% 28 29 3O
31 (32 33 3 35 @6 27 3

THE NEXT SURVIVING INTERGRR NV THE LrsT- s 3 WHIH 1S
NOT DIViSIBlE BY 23,5 | T#e oniy PRIME THAT Precede 1T
So ; F 1S PRIME. NOTE MW AL THS PRepr Mulriples
OF F WERE ELliMIvATED, RePeATinNG thest  STEPS, T



iS5 EASY TO SEe THE SurUIUING [NTESERS W THE

LT -
19 2 3 H 5 6 + 8 9qQ (o

4 42 43 ay U5 b > 18 4 20
29 92 2% 2y 26 2 2% 28 29 30
31 32 33 34 35 36 37 36

THeRerope ) iF P IS PRIME Amd  1£PL 3B Then
Pé/t 213 G/ % 41, (3, 1%, 19,23, 29,31, 33 §.

WE NexT DETERMINE (F  JooF s A PRiME AwMBER.
SJUPPOSE  THAT 4099 S NOT A PRIME . THenN, AS
1o €N, 1099 £ q | There &xicrs A PRME P
SucH THAT 1L PLARST £32 gup P J4909.
THEN| BY THE ABSVE CommenTs |

Pef 20393 1,13, 13,19, 23, 29)31%.

BY THe ALGoRiTHM DIVISton THeOpeM ; WE OBSERiE:

1009 = 2. 50Y 4 1 [009 = M.914+8 looq = 23, 43420
1009 = . 33641 looq — 13. 9% 48 loeq = 29. 34 +23
o009 = 5.201 + Y l[oog = (%. 69 46 leeg= 31 32 +1%
fooq = MY +1 [o0q = {9.53 +2

THIS  ShowS  THAT F/r 4009 WHeH s 4 Conteanreryon-
e tHoS  HAvE  foog IS PRIME.

EXERCAST . JleT Qe Z Avd LeT P e N Bwe A PRIME NUMBER.
FinD aed (8P




SoluTion: LET Q&% Awd [eT PeN A PRIME . SyPPose
TeqT THAT PlQ . TheN, Since PIP, NE #AE P IS A
CoMon DIVISOR oF A AMd P. IF Theps EXSTS Ce 2 Su
THAT  c]Q M c|P ThHen < £1el £P Awp So, CLP.
THIS  SHowS  THAT c&ci(&nﬂ:P IF Pla. Suweose
Next At P43 . Letv d= CXC"“‘;‘?)‘ nOTE THAT d)d
A dlp. Since d|P Tthen ,As P s Pame , ol € {1,P.
BuT o!sép As PYo .| TheeeFore ;, d=1 iF Pt
WE <t+#us HAVE

C%Ci(&ﬂ’):,{ v e Pl

1 (F P4a

PRePosiTioN: |F P is A Privg Awb ‘P)ab THeN P]A or Plb.

COROLLARY : iF P is A PRiME AND Plaras....am THEN PJ3]

FoR Some | | WhsRe £ jem.

CXERCISC ¢ LeTv P BE A PRME. ITF P HAS REMANDER 19 v THE

DUNisioN  BY 3 , WD THE ReMAINDER v THE DivigioN oF P By 6.

SolyTiON: [eT P BE A PRiME. SXINCE P HAS RPemanDeR 1

v THE DIVISTon BY 3, BY THe ALEoRITHM DIvision TheoeeM,
THERE £xXeTS 1@% SUCH THAT F= 39+1. NOTE
THAT P £9o. TN FAcT, F P=2 |, TheN 2=39+41
IMPLTES  THAT 33 =4 AW So 3|1 whrey re A




ConTRADNCTION: IF P= -2 THeN P-o-2- 3.+
Av> S Pz 3. (26041) 1 = 6.() 4. Then By
THE  ALGORITHM  DIUISTON THeoreM , Qpnce THE QuoTrenT
AnD  THE REMATMReR TN THE DIVISTON  RY & dee OMPQUE,
WE HAE THE ReMAwDER TN THE DIViSton Ry & ZQuALS
Y 1F P=-2. SuPPosg MEXT THAT PL-2. Then,
P 1S obD AndD <So P-1=33 TS EVEN. THIS Shows
THAT  2[39 A Stnce (203) =1 WE HAE 2]9. o
Theee exisTs R EZE Sutk THAT 9 =2k. THen,
P=2341=3.020)+1 = ¢k +1.

THeREFORE | [3Y THE ALEORITHM DIVISTON THeoreM | Since THE
QuoTrenT And THE ReEMATveR N THE DiyisroN RY & Aec
OMQUE, WE HAVE THE ReMAWDER [n THE Divishon RY 6
EQuals 4 F SP%—Z, THE TResSulT Folltow?s.

EXERcisSeE: SHow THe ONLY PosITIVE PRIME ©F
THE FoeM m>— 1 s .

SolutionN: Llet P >4 Be A PRIME SucH THAT P= m>~ 4
for SoMme me N. AS P>1 We orsepye M22. NOTE THAT
Mm-a|M>-1 MWD So M-1|P . SINCE P {3 PRIME , &iTHER m-1=1
OR MA-P. SuPPosE M=P+1. Then P= (PH)> =4 ey
iMpLies  (Pr) :(\’Hf. So | P 7S A Selution of The EQuAToN

X=X Aub so P41 € =10 7). Hewce | Pe J-2;~1 o} WHtH



IS A CONTRADICTION SINCE P> 1. WE THEREFoRe HAVE Mm=2

AND  P- m3-1- 2%-1 -3,

EAESRCISE:  THE Owly PosiTive PriMe P For WHICH 3P+4 is A PerfecT

S&UARG [s P = b.

SoluTioN: [et P> BE A PRIME NUMBER SulH THAT 3P+ = m% For Sove MEN.

THeEN 3P — mZ-1_ ((h—'l)(ﬂ'\ﬂ) Avd> So M-M)BP. SINCE P TS PRIME  THeEN WE
Hhve  Mxn € ,{t 1 E3, 2P £3PL. BUT M4q vo  qHRies  m+1 €4 403 P 2Pk
ks p>a, ML = 3P41 >4 Aud So m>2 | THeN MI4> 3. TF M1 - Then
3P = (m-O(mn) — (P2) P iMpLies [(?-z)—a]P:o A So P=5 As P>1. TF
Mm+1 =3P we Have 3F= BP-2D3P Uus So P_A  CovrrAbic TiING P> 1. We

TheretoRe Have P=5 is THe onty PRME  WHIGH Sucd  PRopeRrTy .

EXSRCISE - Prove THe oNLy Positive PRiME OF THe Form
m=-4 {s 5.

SOLUT{ON: JgT P>1 ®E A PRIME SutH THAT P=mZ-y For
SoME Me N. THen | P= m2-y = (m-2)(m+2) AD> so miz|p.

THIS MeANS  THAT  Mas €4 £4, P, Since m42>0 we
have maL & {1 P}, Since MmelN ;| oRservE Mir L 9. WE
ThereTore HME miL =P . Henvce , P=(P-%)P A sine
P>1 (\7'6)?;0 we GeT P=5.



ExebcicsT: i P75 (s A PRIME NUMBER , Show THAT
PZ+9 1%  CoOMPOSITE.

SOLUTION: lev P25 Be A PRIME NUMBER. Ry THe Division
ALGORTHM THEOREM | THERE Exisr UNIQUE  WTEGERS g, SuCH THAT

P= 069+ wheRe v € Jo234sh. NoTe THAT Tef45) As P25

1S PRME. IN FAcT | The only PosSiTIE Divisors oF P ARE 4 Awd P.So
iF refonyp THN 2]T AW Since  2]2.3§ =69 we He 2|69+ =P
ConTeA DicTiNG  THAT P is PRIME. SiMmiLARLY, iF T=3 TheN P = 63+3 = 3(2941)
Mn  So | 3)P  WHicH s A CoNTRADIcTION. THew EITHER P 6941 or P=6345.
NE Now MOTICE P2 = (b94v) 42 = 369 4 1240 + 542 . So, iF o4
TheN TL= 3 WHILE TZ%41=23 IF M= 5. WE THERERORE WAvE 342,
ks 3, 36974029%  we THuS HAve 3,(3612-#429,0 +(r%2) | THAT s 3] prea.

THIS SHowS THAT P> +2 is CoMPosiTE .

EXERCISE: GiveN THAT P is A PRime Aw>  P| 3" FoR SomE me mN, PRovE THAT P”"a”'. v

Avpition, iF qcd (31b) =P | Fied A THe Possinle VAes  oF  qcd (8% b*).

SOLUTION: Since P is A PRIME Av P|3™ THEN WE HAVE THAT P|a . THeN, THERE
EXisTS RE€Z such THAT =Pk . Hence, 3 = (PR)'=P K" wiTh K"€Z Whick
Shows TwAn  pM| a™.

SUPPOSE NOw THAT qcd (5(h)=P. Then, THERE ExisT St € Z Sucy THAT
d=ts, b=Pt Auw (s/z)=4.SiNe (s*t) =1, we Also noTicE THAT
acd (3% ") = aed (P2 s*) P2¢Y) = P2 aea (Ps?t?) = Ph aed (7€) .

Recal Taar iE (d1b)=1 THeN (3¢b)= (¢ b) TFor ekERy CeZ,




We wext craim THAT qed ( Py ¢7) = Pl ir Pt

1 iF Pt
To PROVE OuR CLAIM | SUPPose FiRST THAT PlE . Then, P|+* Awvb P/P  WhicH
inplies THAT 1) | £ Awn> [Pl /P_ Then, IP] IS A Commen DiviseR oF P And £
Now, IF C& Z Ts A common DiVissR oF P Awd tZ Teen c|P Aw So c £le|< [Pl.
TUTS  SHows %cd(P,ﬁl);lP/ iF Pt O0THE OTHER HAWD, IF PAE  Then
acd (Pi¢) =1 . We THus HAE %CJ(P,L-"); qcd (Ep) = qed(2P) = qedl(Pit)=1.
THIS  PRoVES ouR CLAM. THeEREFORE /

qed (8% b) = P qed (Pye?) = {JPP i p)E
P2 iF P4t

EXERcisz: LleT mMEN,; m>1. ProvE TuAT mi4y js comPosiTE .

Solytion: Letr (C [x] Tue Set oF AL PolynNOMIALS N THE [NDETERMINATE X Wheke
THE CoeFFCiENTS  ppe  COMPEX NUMBERS. g1 |>e Coxl civen By pod = X'+ 4. e
BSERVE 2 € S A RoT OF (7 (FE P = 2944 =o . THS vems THAT AL
Roors <& P Aee THE 4-TH RootsS oF ~H. THAT IS, Z TS A ReoT oF b
iFe 2= WNe < “ﬁ.[ceo(ﬂ:'_“’rr) +44m(2';i79] FoR ke{o,m\g(j, So, iT TS Ay
To  SgE THAT  Wo = 444, Wpz ~1+4; Wo= ~4-< | Wiz 1-L We Ao Nove THAT
Ws= Wo A Wic= iy . CONSEQUENTLY , WE CAN WRITE
Fu’): (%= Wo) [X=ty ) (X-W2) (X=W3) = [ x=e) (X~15) [ X~Wi) (X=W2)
= O ) (o) (xew) (= W) = (X2 = (ot W) % — Wole) [ X — [wn +337) X ~ Wi
= (x2- 2Reu)x — Md™) [ XE = 2Rep)x — fw]*)
= (xr=2x—2)  (X*42x-2)
Reche THAT  2+T = 2Re@) , 2.2 =)21* A Ree) +m) = 2> For aer) 2.
Hence, cvery INTEGER OF THE Foem mT+¥  witk me N M>4 Can BE (WRiTTEW AS

Follow s ity = (mham—m)-( MZ+2M~7~) . WEe oRserve mZia2m-23>1



SINCE M>1  AD  Mam—2 | midLy . THS MEMS THAT  MT4Y IS CoMPsiTE,

EXERCISE ¢ |gT me N. IF M>4 j5 Composite THeN M Divies (M-1)! |

SOLUTION: JeT M >4 BE A CMPSNE MMBER. Then ThHeRE exiaT S/t €z,

4 £ S+ 4 m SucH THAT S+ =m- SuPPoSE THAT S£Z£. THeN Sz M-

AND + £ M-1 iMPLiES THAT S Awp = ARE TPoTh FACTORS oF (m~)! | so,

(M-N! = s+ TT & = m. Mk _ ML Togswe LcN.
14 R &£ m-1 14 R £ M-
R#S  hgt R#sS ke

THS Shows THAT m[(u1)l . ASsuue Now THAT S=%. THeEN S*= M. Siuce
SL M- WE HAvE S is A Fheror oF (mn)! - As m>Y4, e Aso potE  SEm>y

MPLIES THAT S>9 A So M2=S.5>2S  THeN 25 4L M-q1 AW So 25 i3
A FacroR oF (m)! . Hence | S AW 28 e Two TifFeRenT FACTORS OF (0-1))

SINCE  S>1. THeReToke, We CAv WRITE
M-1 m-1 M-1
M- —s2s. [T kR o s 20T ko m 2l k 2me
’l—'l k:'] k:’l

!z;e;, k#2S R¥#S, kf2s R#S, kf2S

FOR SoMe L€ N. THS <Hws THAT m)(m-,Dl. . ThHe Result ToLtows.

EXERCISE:  SHow THAT ANY INTEGER OF THE TFORM 8"+ 1, WHERE m>1, iS CoMpSITE.

SOLUTION:  Rechil We PROVED =% Rem T AN DD NUMBER Then a+b| akib® For
b €& . IN THRTIWLAR, Ad+b | 93413, So, TF A3=2" Am> b=1 WE HAE
oM 41 , (2”‘)34— 1 ThT is, 2"+4 | 8"+1 , Wheee m>a. NoTie T 2444,
5m<€ M71 We AlSo oRseRVE  B"+1 > 2"+1 | so we HAE 4L 2"41 L 8",

Then | QM44 i A neNTRIVML DiViSoR  oF §"4A. [ ThereFore HAE 8"+ TS

CHMRSITE -



EXERCISE : SHowW THAT EVERY INTEGER M> 49 CAN BE WRITTEN AS THE SuMm

OF TwWO COMPOSITE NUMBRERS,

SOLUTION:  |eT m> M. SUPPOSE THAT mis even. TheN; M=2R TFoR SoME

R&eN ;, k26 . NOYE THAT m=6+2h-6 = 6+2(k->) . AS R26, We
Hive R-2 2351 Aw So 2(h-3) is comPosiTe . Sivce 6 TIs Compo S(TE ,
M= b4 2k-2) s Sum OF Tho COMPoSITE NUMBERS.

Now Assume THAT M is obp. THewn, TheRe ExisTS ke N Sucy THAT M=zkia
For SoME R76 . NOte THAT , =u T#S CH&E/ WE CAN WRITE M= 2h+1=2(k-4)49.
AS k26, h-y31 an so 2(k-4) 15 Cowmsite. SIncE 9= 3%, We HAVE M is

THe SuM oF Two CoMPosiTE NUMBERS.

EXERCISE: TF M>1 S AN INTEGER NotT of ThE FofM bla+5, PROVE THAT

m: +92™ s compsiTE .

SoluTioN: |er M»1 BE AV NTEGSR NOT OF THe ForMm 6 k+3. Then ,

BY THE ALGoRITHM DiviSiov THEOREM, WE CAn WRITE M= 6947 Fop souE

QT EE wiTh T & J042.345(. Then, We orservE

w s [bgrr)an gt arerE e
As m>1, léngrr is EveN A So 2](3(;9,2“14\'%69'“) . IF v Efoy4y
Thew  alr which s T 2|f e Thes Bave 9 [ (3%30ge+atT) 42
Wik Mefws AT 2/(MZ+Z”‘)_ Note AT MmE+2" S 2" S 2 As mua. THS

SHows THAT 0L TS A NONTRIVIAL DivisoR OF  mE 2™ THen, MH2™ IS wor

PRIME . Assome  NesT AT € {4, 54 NotE THAT -4 e o 2my Avo

) 69t
Sop 3)E2-1) . We Next cthim THAT 3 bivbEs 2 41 . To PRae



THS [ Recall  Q-b \ 3"-b™ For eeRy b, men. SiNce 63+ i

6947 6+ 69+ 69+
odol Whew Tefqsy, we e 2 44 =2 (0 =2 —CO
bt 69+ 69+~
THEN‘ L’).— (—4)) Divides 2 9r+- ) . THAT is 3 )Cﬁl ¥ +4) . Now, e
69+0C ¢
obseRiE  mi+2" = 3 9 + 2904 +2 =30 3(14—42';,(*4—[«4—4) + (/Hrl 3'“).

694
TheREPORG , SiNce 3] (3692 +04r) / 3] (r2-1)  Aw> 3} (1+2°%7)  we
fhve 3] m242" ot T mZfs 4407 =3 As m>a So, 3 s 4

NOUTRIVAL Divisor oF M+ 27 hHence, N4 2" Ts CompoSire.



