













 DEFINITION LET LEE 244 110,1 WESAYTHAT 2 is PRIME

if its ONLY Divisors ARE 1 AND IP IF 2 is NOTPRIME

THEN WE SAY THAT 2 is COMPOSITE

EXERCISE LET a C Z d f 7191 SHOWTHEREEXISTS APOSITIVE

PRIME P SUCH THAT Pld IN PARTICULAR if a CIN ISNOTA PRIME

THERE EXISTS A POSITIVE PRIME 10 2 SUCHTHAT Pla

SOLUTION LET DEZ aEff71011J LET S BE THE SET
S LMEIN M 22 and Mla f

NOTE THAT SE IN MOREOVER IF a 0 THEN 272 AND 2 2

WHICH IMPLIESTHAT I ES SIMILARLY if 220 THEN a E 2

AND so 2 ES SINCE 222 AND 2 2 THIS SHOWS

THAT S is NOTEMPTY HENCE BY THE WELL ORDERING

PRINCIPLE S CONTAINS A LEAST ELEMENT LET P DENOTE

SUCH A NUMBER THEN PE IN P 22 Pla AND PEM

FOR ALL MES LET'S PROVE THAT P is PRIME IT SUFFIES

TO SHOW THAT THE ONLY POSITIVE DIVISORS OF P ARE 1 P
NOTE THAT TIP LET d C IN SUCH THAT DIP AND dfl
SINCE DEIN df1 WE HAVE d 22 IN ADDITION AS
d P AND Pla WE HAVE olla THEN DES AND PED
AS P is THE LEAST ELEMENT OF S ON THE OTHERHAND

SINCE d PEN AND DIP WE HAVE DIP THIS SHOWS

Primes and their distribution



THAT d P THEN Dirt p MPG WE THEREFORE

HAVE THAT P is PRIME P C IN AND Pla

SUPPOSE NOW THAT I C IN IS NOT A PRIME THEN FROM

THE ABOVE COMMENTS THERE EXISTS PEIN SUCH THAT

P is PRIME AND Pla So P Ea Since p is

PRIME AND d is not PRIME THE CASE a P CANNOT

HAPPEN SO IF ZEIN IS NOT A PRIME THERE EXISTS

A POSITIVE PRIME PLa SUCH THAT Pla

EXERCISE LET aC IN 2 11 IF 2 IS NOT PRIME THENTHERE

EXISTS A PRIME P SUCH THAT 12 PETA AND Pla

SOLUTION LET DEIN d41 SUPPOSE 2 IS NOT PRIME

LETS BE THE SET Si MEIN M is PRIME AND MI a
NOTE THAT SE IN AND 5 1 0 BY THE PREVIOUS EXERCISE
SO BY THEWELL ORDERINGPRINCIPLE S HASALEASTELEMENT
LET PDENOTE SUCH ANUMBER THEN PEN P is PRIME play1322AND
PE M FOR EVERY MES SINCE Pld THERE EXISTS BEZ
SUCH THAT I P b NOTE THAT BE IN SINCE ZEIN PEN
WE ALSO OBSERVE THAT b41 OTHERWISE if bet WE
HAVE a P CONTRADICTING THAT Plan THEN SINCE BEIN

b41 THERE EXISTS A POSITIVE PRIME 9 SUCH THAT

9 lb SINCE 9 lb AND b 2 WE HAVE g a THIS SHOWS
THAT 9 ES AND SO P 2 of WE ALSO OBSERVE 9 Eb



SINCE Gelb AND g b EIN WE THUS HAVE

P2 P P E Pg E P b d

HENCE if d CIN I47 is NOT PRIME THERE EXISTS A

PRIME P SUCH THAT P d AND 72 P ra

EXERCISE FIND ALLPOSITIVEPRIMENUMBERS LESS OREQUAL
THAN 38 is 1009 A PRIME NUMBER

SOLUTION LET'S WRITE THE FIRST 38 NATURAL NUMBERS

I 2 3 4 5 6 7 8 9 10

11 12 13 14 15 16 17 18 19 20

21 22 23 24 25 26 27 2829 30

31 32 33 34 35 36 3738

BY A PREVIOUS EXERCISE 1 RECALL if a CIN I 41 IS NOTA

PRIME NUMBER THERE EXISTS PE 1N PRIME SUCHTHAT

PLA AND Pla A

BY DEFINITION 1 IS NOT A PRIME SO WEDELETE 7 FROM

OUR LIST SUPPOSE NOWTHAT 2 IS NOT A PRIME THEN BY
H THERE IS A PRIME P SUCH THAT 12 PLZ AND 17 2

WHICH is NOT POSSIBLE So 2 is PRIME IN ADDITION

EVERY MULTIPLE OF 2 LESS OR EQUAL THAN 38 is NOT

A PRIME NUMBER SO WE CAN DELETE THEM FROM OURLIST

I 2 3 4 5 6 7 8 9 10

11 12 13 14 15 16 17 18 19 20

21 22 23 24 25 26 27 2829 30

31 32 33 34 35 36 3738



NOW THE FIRST OF THE REMAINING INTEGER IS 3 WHICH
MUST BE A PRIME OTHERWISE IF 3 is NOT A PRIME

THERE EXIST P CIN SUCHTHAT 7 P 3 AND 17 3

THEN P 2 BUT 243 A CONTRADICTION SIMILARLY ALL

THOSE NUMBERS DIVISIBLE BY 3 LESS THAN 38 IS NOT IN

THE List

I 2 3 4 5 6 7 8 9 10

11 12 13 14 15 16 17 18 19 20

21 22 23 24 25 26 27 2829 30

31 32 33 34 35 36 3738

THE SMALLEST INTEGER AFTER 3 THAT HAS NOTYET BEEN
DELETED is 5 BUT BY It 5 is PRIME SINCE 5

is NOT DIVISIBLE BY EITHER 2 OR 3 IN ADDITION ALL

PROPER MULTIPLES OF 5 ARE REMOVED SINCE THEY ARE
COMPOSITE

I 2 3 4 5 6 7 8 9 10

11 12 13 14 15 16 17 18 19 20

21 22 23 24 25 26 27 2829 30

31 32 33 34 35 36 3738

THE NEXT SURVIVING INTEGER IN THE List is 7 WHICH is

NOT Divisible BY 213 5 THE ONLY PRIME THAT PRECEDE IT

So 7 is PRIME NOTE NOW ALL THE PROPER MULTIPLES

OF 7 WERE ELIMINATED REPEATING THESE STEPS IT



IS EASY TO SEE THE SURVIVING INTEGERS IN THE

List
I 2 3 4 5 6 7 8 9 10

11 12 13 14 15 16 17 18 19 20

21 22 23 24 25 26 27 2829 30

31 32 3334 35363738

THEREFORE IF P IS PRIME AND 1 17238 THEN

PEL 2131517,77113177 19,23 29137,374
WE NEXT DETERMINE IF 1009 IS A PRIME NUMBER

SUPPOSE THAT 1009 IS NOT A PRIME THEN AS

1009 C IN 1009 1 THERE EXISTS A PRIME P
SUCH THAT 7L PL Moog 32 AND P11009
THEN BY THE ABOVE COMMENTS

PEL 2131517,77113177 19,23129137
BY THE ALGORITHM DIVISION THEOREM WE OBSERVE

1009 2 5041 7 1009 11.911 8 1009 23.43120
1009 3.3361 7 1009 13 77 18 1009 29.34123

1009 5 201 4 1009 17.591 6 1009 34.321 17

1009 7 144 17 1009 19.531 2

THIS SHOWS THAT Ptloog WHICH is A CONTRADICTION

WETHUS HAVE 1009 is PRIME

EXERCISE LET DEZ AND LET P CIN BE A PRIMENUMBER
FIND gcd dip



SOLUTION LET a C AND LET PCIN A PRIME SUPPOSE

FIRST THAT Pla THEN SINCE PIP WEHAVE P is A

COMMON DIVISOR OF Q AND P IF THERE EXISTS CEZ SUCH

THAT CID AND CIP THEN CE ICI EP AND so CEP
THIS SHOWS THAT Oged dip P if Pla SUPPOSE

NEXT THAT Pta LET D aged dip NOTETHAT d 2

AND DIP SINCE DIP THEN As P is PRIME DE LePG
BUT dfp As Pta THEREFORE de 7 if Ptd
WE THUS HAVE

gcd a p L
P if Pla
1 if Pta

PREPOSITION if P is A PRIMEANDPlabTHEN Pld OR PIB

COROLLARY if P is A PRIME AND Plan.az am THEN Plaj
FOR SOME j WHERE 1 2JEM

EXERCISE LET P BE A PRIME IF P HAS REMAINDER 7 IN THE

DIVISION BY 3 FIND THE REMAINDER INTHE DIVISION OF P BY6

SOLUTION LET P BE A PRIME SINCE P HASREMAINDER 7

in THE Division BY 3 BY THE ALGORITHM Division THEOREM

THERE EXISTS 9 EZ SUCH THAT P 39 1 7 NOTE
THAT P f 2 IN FACT IF 10 2 THEN 2 39 7

IMPLIES THAT 37 1 AND so 3 7 WHICH is A



CONTRADICTION IF D 2 THEN Pe 2 3 C 1 1 7

AND so Pe 3 21 1771 7 6 Cy 4 THEN BY
THE ALGORITHM DIVISION THEOREM SINCE THE QUOTIENT

AND THE REMAINDER IN THE Division BY 6 ARE UNIQUE
WE HAVE THE REMAINDER IN THE Division BY 6 EQUALS
4 if D 2 SUPPOSE NEXT THAT Pf 2 THEN

P IS ODD AND So P 7 37 is EVEN THIS SHOWS

THAT 2 37 AND SINCE 2137 1 WE HAVE 2 7 SO

THERE EXISTS KEZ SUCH THAT 9 2k THEN

17 3711 3 2K 7 6kt 7
THEREFORE BY THEALGORITHMDIVISIONTHEOREM SINCE THE

QUOTIENT AND THE REMAINDER IN THE Division BY 6 ARE
UNIQUE WE HAVE THE REMAINDER IN THE Division By 6
EQUALS 4 if P f 2 THE RESULT FOLLOWS

EXERCISE SHOW THE ONLY POSITIVE PRIME OF

THE FORM M3 1 is 7

SOLUTION LET P 7 BE A PRIMESUCHTHAT P M3 1
FORSOME MEN AS P 1 WE OBSERVE MZ2 NOTETHAT

M n MZ 1 AND SO M h IP SINCE P is PRIME EITHER M 1 1

OR M 1 P SUPPOSE M Pt1 THEN P Pti 1 WHICH

IMPLIES PH e Pti So Ptt is A SOLUTION OF THEEQUATION

X3 AND so Pth C 471017 HENCE P E f 2 7 of WHICH



IS A CONTRADICTION SINCE P 7 WE THEREFORE HAVE M Z

AND P Ms 1 23 7 7

EXERCISE THE ONLYPOSITIVE PRIME P FORWHICH 3PM is A PERFECT

SQUARE is 17 5

SOLUTION LET 1771 BE APRIMENUMBER SUCHTHAT 3PM M2FORSOMEMEIN

THEN 3P M2 1 M 1 Mtn AND soMtn3P SINCE Pis PRIME THENWE

HAVE Mtn E L Il I3 IP t3Pf But Mtn o IMPLIES MH CL1131193174

As p 1 m2 3PM 74 AND so on 2 THEN Mtl 3 IF Mtn PTHEN

3P m 1 ntl CP 2 P implies P 2 3 10 0 AND so 125 As P 1 IF

Mtn 3P WE HAVE 3P P 2 3P ANDso 17 1 CONTRADICTING P 1 WE

THEREFORE HAVE 125 is THEONLY PRIME WHICH SUCH PROPERTY

EXERCISE PROVE THE ONLY POSITIVE PRIME OF THEFORM

M2 4 is 5

SOLUTION LET P 1 BE A PRIME SUCH THAT P MZ 4 FOR

SOME ME IN THEN P M24 M 2 Mts AND so Mt2 P

THIS MEANS THAT Mt2 EL Ir IP SINCE Mt 270 WE

HAVE Mt2 CLHP SINCE MEIN OBSERVE Mt2 1 7 WE

THEREFORE HAVE Mt2 P HENCE P CP 4 P ANDSINCE

P 1 P 5 17 0 WE GET 17 5



i

EXERCISE if 1775 is A PRIMENUMBER SHOWTHAT

p2 2 is COMPOSITE

SOLUTION LET P 75 BE A PRIME NUMBER BY THEDivision
ALGORITHM THEOREM THEREEXISTUNIQUE INTEGERS of r SUCHTHAT

P 69 tr WHERE r E 40,112,314,5J NOTE THAT TEL1,5 AS1725
is PRIME IN FACT THEONLY Positive Divisors OF P ARE 1 ANDP So

if TE4012141 THEN 21T AND SINCE 2 2.39 67 WEHAVE 269tr P
CONTRADICTING THAT P is PRIME SIMILARLY if 5 3 THEN P 6913 312917

AND so 3 P WHICH is A CONTRADICTION THEN EITHER P 6911 OR 126915

WENOW NOTICE 19212 qtr 2t2 3692 t 124Ttoilet2 So if 5 7

THEN 5212 3 WHILE 1 2 2 27 if it 5 WE THEREFORE HAVE 3 r2t2

As 3 369211295 WETHUS HAVE 311369412ft t r2t2 THATis 3 10212

THIS SHOWS THAT 172 2 is composite

EXERCISE GIVENTHATP is APRIMEAND plan Forsomemen PROVETHAT Pmld IN

ADDITION if gcd aib P FIND ALLTHE POSSIBLE VALUES OF god 23b

SOLUTION SINCE P is A PRIME AN PlanTHEN WEHAVETHATPla THEN THERE

EXISTS k.EE SUCHTHAT d P k HENCE am kJmePm.km WITHkmCZ WHICH

SHOWS THAN PMIam

SUPPOSENOW THAT gcd dib P THEN THERE EXIST GEEZ SUCHTHAT

D Ps b Pt AND sit L SINCE 53122 1 WEALSO NOTICE THAT

ged 23b gcd p S3 P t P2 geol PS3 t2 P ged Pitt
RECALLTHAT if dib 1 THEN ac b c b FOR EVERY CEE



WENEXT CLAIMTHAT gcd P 2
1141 if p It

if Pft
TO PROVE OURCLAIM SUPPOSE

FIRSTTHAI
PIT THEN PITZ AND PIP WHICH

IMPLIES THAT 1171 12 AND 1171 13 THEN IP is A Common Divisor OF PAND t

Now if CEE is Acommon Divisor OF PANDT2 THEN CIP AND so CEKIE Ipl

THIS SHOWS gcd pt2 1171 if Plt ONTHEOTHERHAND if Ptt THEN

gcd Pit 1 WETHUSHAVE gedPitt gcd t2 p godtip gcdPit 1

THIS PROVES OUR CLAIM THEREFORE

god d by P god Pit 13 IE Ift
EXERCISE LETMEIN m 1 PROVETHAT MYTH is COMPOSITE

SOLUTION LET EX THE SET OF ALL POLYNOMIALS INTHE INDETERMINATE X WHERE

THE COEFFICIENTS ARE COMPLEXNUMBERS LETpCGEM Given By pix X t 4 WE

OBSERVE 2 E Q is A RootOF f IFF plz 2414 0 THIS MEANS THATALL

Roots of ARE THE 4TH Roots of 4 THAT is 2 is A Root of p
IFF 2 Wk 4TH 2k T titin 24111 For k 40,112134 So it is EASY

TO SEE THAT Wo Iti Wii Iti Wz t i wz I i WEALSONOTE THAT

Woo WT AND Wh WT CONSEQUENTLY WE CANWRITE

cx7 XWo Xwi Xwz xWss xWo Xwz X wi X Wa

X Wo X wi X Wa x wi twotwo x Wowo XZ witwT X Wint

1 2 2Relwo x IWol2 X1 212GWX 1m12

N 2x 2 X2 2 2

RECALLTHAT 2 I 2Recz Z I 1212ANDRetz2tGvmlZ 1212FOREVERY2Ed
HENCE EVERY INTEGER OF THEFORM MYTH WITHMEIN M 1 CANBEWRITTENAS

FOLLOWS M4t4 m2 2M 2 m2 2M 2 WE OBSERVE M2 2M 2 7



SINCE M 1 AND M2t2M21M414 THIS MEANS THAT Mitty is COMPOSITE

EXERCISE LETMEIN IF M 4 isCOMPOSITE THEN M DIVIDES CM 1

SOLUTION LETM 4 BE A COMPOSITENUMBER THEN THERE Exist sit C E

T L s t L M SUCH THAT S t n SUPPOSE THAT 5ft THEN SEM 7

AND t IM 1 IMPLIES THAT S AND T ARE BOTH FACTORS OF CM1 So

M 1 S t IT k M IT k M.cl FORSOME l C IN
Khem r Khem r
kts Rft kts kft

THIS SHOWS THAT m fm1 ASSUMENOWTHAT Set THEN S2 M SINCE

SE M 1 WEHAVE S is AFACTOR OFCmn As M 4 WEALSONOTE SEM 4
IMPLIES THAT S 2 AND so m2 S s 25 THEN 25 E M 1 AND so 25 is

A FACTOR OF Md HENCE S AND25 ARE TWO DIFFERENT FACTORS of thD

SINCE S 7 THEREFORE WECANWRITE
n r m 7 m r

m n s 2s IT k S2 21T k m 2.1T k me
12 1 12 1 12 1
Rts k 25 Rts k 25 Rts k 25

FOR SOME LEIN THIS SHOWSTHAT M M D THE RESULT FOLLOWS

EXERCISE SHOWTHATANYINTEGEROFTHEFORM8Mt 1 WHEREm 1 is COMPOSITE

SOLUTION RECALLWEPROVED IF KEN is ANODDNUMBER THEN atblaktbkFOR
d b C 2 IN PARTICULAR atb d3tb3 So IF a 2MAND b 1 WEHAVE

2Mt1 GM t13 THAT is 2 1 I8Mt1 WHERE M n NOTICE THAT 2 1 1

SINCE M 1 WEALSO OBSERVE 81172 1 So WEHAVE 1 2412841

THEN 2M11 is A NONTRIVIAL Divisor of 8M11 WETHEREFOREHAVE 8 9 is

composite



EXERCISE SHOWTHAT EVERY INTEGER M M CAN BE WRITTEN ASTHESUM

OF TWO COMPOSITE NUMBERS

SOLUTION LET MSM SupposeTHAT M is EVEN THEN M 2k FORSOME

REIN k 76 NOTE THAT M 6 t 2k 6 61 2 k 3 As kZ6 WE
HAVE K 32331 AND so 21k 3 is COMPOSITE SINCE 6 IS COMPOSITE

M Gt21k3 IS SUM OFTWO COMPOSITE NUMBERS

NOW ASSUMETHAT M is ODD THEN THERE EXISTS KEIN SUCHTHATM 2km
FOR SOME 1276 NOTETHAT IN THISCASE WECANWRITEM 2kt1 2lk4 9

As kZ6 k 4 1 AND so 2 k4 is COMPOSITE SINCE 9 32 WEHAVEM is

THE SUMOF TWOCOMPOSITE NUMBERS

EXERCISE IF M n isANINTEGERNOTOFTHE FORM 6kt3 PROVETHAT

M2 2M is COMPOSITE

SOLUTION LET M 1 BEANINTEGER NOT OF THEFORM 61213 THEN

BY THE ALGORITHM Division THEOREM WE CAN WRITE Me 6ft FORSOME

9 it C Z WITH r C 0111213 4 5cg THEN WE OBSERVE

m2t2M 69 72 269
5
36q2tezqr r2 267M

As m 1 267th is EVEN AND So 2 36724294269
5

IF t Cdo2,44
THEN 2 5 WHICH IMPLIES THAT 282 WE THUS HAVE 2 13672129269t for
WHICH MEANS THAT 24212 NOTETHAT M2t2M 72m72 AS MM THIS
SHOWS THAT 2 is A NONTRIVIAL Divisor OF MZT2n THEN M2t2m IS NOT

PRIME ASSUME NEXTTHAT FELT54 NOTE THAT T2 1 CLo24 AND
6ftSo 3 52 1 WENEXTCLAIM THAT 3 DIVIDES 2 1 1 To PROVE



THIS RECALL d b IM bn FOR EVERY QbEZ MEIN SINCE 60ftis
odd WHEN RELY5J WE HAVE 267 1 2691 µ 269 1qy67tr
THEN 2 1 1 Divides 26ftCe695THAT is 3 267 1 NowWE

OBSERVE M2t2M 3692 12grtr2 26913692 12qr r2 n 7126Ftr

THEREFORE SINCE 3 3694124 3 152 1 AND 3 11 269tr WE

HAVE 3 m22M NOTE THAT m2t2M 11 2 3 AS M 1 So 3 ISA

NONTRIVIAL Divisor OF M 2 HENCE M2t2M is composite


