Primes and the Fundamental Theorem of
Arithmetic

THeoReM: leT € £, 3¢ {-1=1]. Then, & can Be Expresed
AS A PRoducT OF PRiMES . THIS PePRreSenMTion s UNIQUE ,
APART FRom THe ORpeR N WHICH THE fACTORS eCcuR Amd

THE Si6N . WHeN Q= + ;'li_ hr“' where ency T >< And

—

pi s A PRimg, we SAy THAT Q is WRITTEN N CANONTGHL FOPM -

ExeReise 4: leT dez, Q21 . Prove THAT 2 is A sQuARE

iF AMD ONLy {F N THE CANOMUAHL FOoRM OF Q A4LL THE ExPorenTs

OF THE PRMES ARe EVven iINTEGers.

Solution ; SUPPoSE  FiRST THAT 2 T 4 Seulee. TheN, Thepe &xisTs MeFE
Sutt THAT Q= Mm%, Since &%{0,4& WE oBSerye m%{»v,o,qj. THen, By

THe T oNDhewTAL Theopem OF ARITHMETIC , THERE  ExisT FPRiMES P: (14ik)
Avd - Posrrive im@e;ai T= £4é ‘(Lh) Suck T84T m = = 7%: hr‘{, W& THUS

L =

e Q@ = m*= (;_TIHN) = T‘(— hzri. THTS  SHowS  Are Ejl’owems N THE CANONICHL
Foem ofF Q9 Jee Lien. Comverisay , SUPPOSE  ALL THE EXPNENTS oOF The PRiveS I

The Cponidl TForm  Ape Even. Then, We cAV WRiTE D = frhﬁ Wwhsee b

s A Prme , PiLPY IF 2] (1£i§lR) Aw Ty Do is slen (r£jchk). s,

Tor ewry | (12jLk) | rwere exisTs FEN  Sucy  THAT  T{= 2%§- TererorE,

b (¥ ke Q£&' k. N2 k- 1 9 k .
) i * L . 4§
Q. :u: P~ = I‘” b = JT:/{‘['LJ i) _.(E hi) . Since Ih e?

WE Thus HAWE 9 IS A SauARe. THe PReswer Follows.




EXERCISE Z2: AN INTEGER is SAiD To BE SQuUARE — Feee IF iT is NoT

Divisidle By THE SQUARE OF ANY INTEGER GReATeR THAN 1. Prove :
(i) AN iNTECGER M >4 IS SQuIRE- FReE F AND ONLY (F M CAN BE Fic7oRed
iNTO A  PRODUCT ©F TDisrTiNcT PRIMES.
(iz) EVERy iNTEGER Mm>4 is ThE PRobUCr OF A SQUARE - FRec INTEGER

Avb A PeRfFccT S&uARE.

SoluTion: [eT me N, m>4 . Then, By The F.T.A , M CAV BE WRITTEN N
CANONiCAL TForM As TFoltows M= f’\ |>-:“ WHeRE |>,4|>L4.,.L,>34.~4}>h
Ree ALl Primes  Awd T &N  (12§2p)  Sovpode THeee Exicsts L (1£44h)
SUCH THAT Ty 22. Then M:(ﬁ’ h‘r“‘)_ P;{-Z. ’bz WHicH  iMPLies  THAT Fé/m/
ConTRADICTING  THAT M 1S  SQuiks - Free. THEREFORE, TFor ewepry | (140€k), IT
MiST Be [{=1. So, tm is A Peoder oF bisTiwer  Prives, ConveRsely , WE
ProceceD B\/ SHowinG  THE CONTRAReciprocAl PRoPosiTion IS TRuE. So, Ascute THAT
M is WNoT Saures-Free. THEN | T ADMITS A DivisoR OF The Form o 2 where d>1.
THen , BY EX.1, VTl CANONICAL TOrM ©OF % | Ac The EXPAMENTS OF THE PRimES
Ape EVeN iNTEGSRS. SWCE  JS1, Thepe MUST exisT A PRIME - Suck THAT
gr| d* . Then, As 92[d* aws I/ e Tws e g7 m. Thrs spows THAT

m ,T[ P"PLPlL Foe Distiner Peives h‘(4$§é!z). We ConClws T#aT =7 THe
RIMES OCCoRING [N The PRiMe Fhcrorr 24TION ARe DISTINCT THaEN M S SQUPC- FReE.
THTS SHowS ThaT (<) Holrg. WE NEXT FRME THE LATTER PART oF THe EXERCSE,
leT me N m>. leT M= j’lj—th& BE THE CANONIGAL FORM OF M. Since [
Is A PsITIVE iNTEGER, BY THE ALGoriTeM DivistoN  THEORem , TO® ewery | (155¢RD

Thzee exieT MJ,I;& EN Sucy THAT Tz 2Xj4pi  wheee faje,{o, 7¢. Consider now

The sets A=/ §: H:O} A B=Jj: pi=ay. Pove THAT AUB= {1 kY



AvD /406:75. TN ABDi TN,

"= ;ihr& B AuBFMﬁh (\\eA “«*Y’) (oelf; hu}) Je’} //J&B FW?A
- (Ie; M) ( h h) - AeA )(sg;h )(;ZFO (AUB M) '(JII‘;H)'

2
ConsideR  3:= [l P AND = I pi . NotE TeaT 8/ b e N. potice Tyar
JEAUB JEB

k k- 2
90 2 :
Q = _F k . TF(H“) :( Tl_h‘%) WHICH Spawg  THAT D 13 4 Seups. MOreouer,
J=t =1
Since b is A PeoducT OF DisTiweT prmes, By (2) Arove, b is Sxusre —Fres.

(VE THUS HAVE M= 8.b Wheee Q is A SQuRe Avs b is sQusee- Fres.

ExeRCise 3: A PosiTIVE (NTEGER M S CALLED SRuARe -full op PowerFuL,

IF P*|m For cueRy PRIME FACTOR P OF M. TF M is Sauee-FuL,

CSHow THAT iT CAN Bz WRITTEN IV THE Form M = 37'. bb, WIiTH 8,b e N.

SOLOTION: [pT Me N SucH THAT M S SRUARE — EoLL. B‘/ FTA , m cavbe
WRiTTeEN Ac A4 Fiwité PrabucT oF PRiMES . [T M = ’.‘4 h BE THE (ANONICAL
Forn oF M. Siucg M S SRuARE - FulC, For eu’e[zysd (1£jeh) we #AE
szl m ,  THS  SHowS  CTHAT 8 22 For ewly | (7&3’5!1). As D(ieN (4£J‘5L)/
By THE DAT , Theee &xisT  gi,0f €M Suw THAT  Kj= 29,41 WiTh Ty 5{0,4},
ler covsiveR Twe <ers A=/ rp=ef Aw =4yl Nete ANB=g
P> hve < {42kt We Aso wetice , ForewRy [E€B, [ =29(+4 Aws o> 3.

THeN, -3 :1(9&‘4) > 0. WE Thsrerore HALE

ne T (T (IR = () (R )
( L) (TR = T T T

JEDB

I

f

I

JE®

N 2 _ 92 3 heec
(z;p T R ),(sz, 2 b wheee




Q= TT 17‘?" LT hs’ﬁ e™N A b= T Pi em. rhe PeswT Folcows.
JEA jew® jee

EXERCISE 4: SHow THAT EVERY POSITIVE NTEGER WHICH HAS ReMAWSER 2

iv THe  DiviSioN BY 3 HAS A PRME FACTOR WIiTH Tuis PROPERTY AS wezr .

SolyTioN ;. [eT me N. BY ThHe bivision A/EoRiTiM  Tlzovem And The ASSUHPTION ,  n=3942
For Some gen. SiNCe M> , We OeSeRue THERE ExisTs A PrRime P Sucy THAT Plm .
Nore T4AT 34 P , TN FheT, iF 3)P Teenw 3/m 4un so 3[2, A CowTRABICON. THS,
By T#e ADPT au> swnce P is Av ARmiTRARY peive ,  WE 1AVE Evepy (PRIME FACTOR oF m
IS EITHER oF THE Fopm k40 op 3h42 ForsmE ke N. Now, SuPPose Euery Prime
FhActor oF m & A Primg OF THE Form 3ka. BY Te#E FTA, m>a is A
ProbucT  oF PRIMES WUMBERS WHiCH ARE ALL oF THE FORM 3k+q . THAT IS, THERE ExiST
‘ 3 A k %y
Wj >o , kyyo Aw fPrimes b [1cjeh)  Such THAT m = ;]Ih :;’I{B\zﬁ«) CAs
Tz PRODICT oF INTEGERS ©OF THE Torm bt i ALso OF THAT TorMm [you N
PROE THIS BY inbuction ) , THeRE £XiSTS HeN  SuCH  THAT M= 3L41. WE THUS
Have 3449= = 39+2 WKk iMetjes Tar 3 (L-9) =1 . As L-g e Z Tws
SHows THAT 3|1, A coNTRABISTCON . HeNCE, (T CAWNOT HAPPEN THAT CVeBy TRIME
FActor ©F Mm 1S A PRIME OF THE ToeMm 3h4l. THeReFore ; ThHere €x¢Ts A PrMe

P yAq Such THAT P|m A>T IS oF T Toed 3h+$ For Some hew.

EXERCISE 5: Given THAT PXm For ALL PRIMES P £ AM, Skow THAT m>1

is Eithe® A PRIME OR THE PRouerT OF Two PRiMES

SolLuTioN: Assome To THe CONTRARY THAT M >1 CoNTAINS AT LEAST THREE (RiMe
R

Frcroes. T IS m= T Pj wheee pj is PRiE Ave Ry, Sivce piis prme
5:

o by mo THew, By THE AssomPTiow, B> W@ (1£§2h), We Thersrore hAE



R
U O R P N P\
)=t
ré{'ﬁzﬁ- So, M is &lTHeR A PRiME Ok A Ppotuc7 oF 2 PRiMes.

\’& =M WHicH TS A ConTRADICcTION, TleN

T 43 Thes

EXERCISE 6: PRoveE THAT VP is iRRATIONAL Tor ANy PRIME P >A.

SolLuTion: Ass one JP S PATIONAL For SomE P>1. THeN, THERe ExisT Q;beN

Sucd THAT e = W TTHOUT Loss oF GenERALITY | WE CAN ASSUME 43C0((le):4_

S,
o
Then we HweE  Pb>z 3%, So P|3* Which (MPLIES THAT P, Then , A-Pb
For coue ke N. TheN, Pu2= 8% (Pe)’= P'R® 4ap P h2-PR*)=0. Since P>
T msT e b= PR> | T#is Swows THAT PlbY 4us s Plb. Now, Since pla

s Plb we Ger P/‘ac"/[&/b) =1  Which iS A contRADICTION  AS  P>A.

tHen Ce VP s (RRATIONAL.

EXERCISE ¥+: TF & 7o Aw N3 is RATIONAL , SHOW THAT "E MusT pe
AN ITnNTeccR.

SOLUTION: [eT & So. SUPPoSE THAT "3 is PATIONAL. THeN, THeke ©xiST S EN
Suck THAT "[a& = —‘;— And  qed (rs)=1. THis MEANS  S"a=t". Since
acd (vs) =1 we ppe %ca((r““( s™) =1, So, since | T we faE TeaT
[ s" a3 whicw impLiss TV[Q . THen, TMR = & For some ke N. THEW,
M- s"a =s™ "k Mmd M (1-5") =o. As ™ >0 We MET fe S"p=1.
THIS Shows THAT S =k =1 AnDd 2, 51 (i«= S51 THeN S" >4, A conTRADBicTioN) .

THos, V3 IS iRRATIONAL.

EXERCiSE B: FoR Mm22  ShHow THAT Vm is iRRATIONAL.

!

SOLUTION: [eT menN, m>2. SE THAT Y& is RATionAL. Then | BY EXF, Ve Must BE

:
W oDEeeR . Aswe Y=o FR sme 3vo. Twes, a=m= (1)< £ (1) =2 by Twe




BinoMiAL Theorem. So, ML 2™ \wplies THAT Q42 . THuS, =1 . THis MemS  THAT  M=3"- 1":4,

K CONTPABICTION . THEREFRS , (/m IS NoT  RAT{ONAL.

EXERCISE 9. SHow THAT THERE ARE INFiniTELy MANY PRIMES .

SoloTion:
() Sovbose There ARE FinTELY MAny PRiMES by (14j¢m) ANS LeT pm BE The LARGEST One. ConsineR
The wTEeer  Ni= Pml 41 . SUPPose  Theke ExisT | (1¢{em) Swcw T N= pi. Then, bj N
And h, Pm!  implics TwAT H,’l ;A ConTRavicTion. THIS SHowS TWAT N is noT in ouR LisT oF
PRiMES  Pg by ., pm. WE THS HWE THAT N s Composite . AS N>4, Thepe EXisTS k (1<her)
Soct T b | N. SINE fy s o oF Te Facrors oF byl We Aso bhe  pu| pal. TS
Shows  ThAT tml(N—l%'.) And 5o, |>U4 | WHih s A couTeAbicTion  As }>on. Thepetore, TheRE
ARE  INFiNiTELY MAnY PRimES.
(i) Assome AT There Aee only FinNTEL MmwY PRIMES , SAY Py (16)em). leT A S {t.mf swcw
THAT  [Al= € Aw consider a:= TU B bi= T P{  NoTE a A b kive No Common
Je4 Y& 41 m\A
FActors. Tn AddiTION | Given ) (1£(€m), WE EiTHER HAE je A ok ) ef4-mi\A. THS Shows
Tor eery | (1e{ea) | ermer bi]a or bilb. Sice 351, b>1 Twe wumeeR  Ath >4
MiST HAE A PRIME FATOR . THAT is, pp | 840 TFor Some 1chem. TT Follows Tram The AsVE
Comvents  THT eimmer tla or pilb. Aswe text T bela. Teew, ] (000 . Twar s,
Pl . sivery, iF bl , 4s platb we et hfa. We Tiererces Have F’J qedlaib)
WHick  MLies  TeaT pu |4, 4 conTRAbICTION As  hu> 4. [lence| There Aee =wFiniTeLy MANY

PRives.

EXeRcise 410: PROVE AT F M>2 THeN ~HERE &xisTS A PRIME P SuCH

THAT m 4L P& m!




SOLuTioN: JeT m>2. We Claim Tyar m< m! -1  Fop SWERY M3, To PRovE OUR ClAIM
WE Yeocezd ®Y [NDueTioN. TF m=3 THenN 3! ~1 =6-1=6 >3 . Assuve wNow h)=1>h
ToR some he Ny W >3 Then ,  (ht)! = ) WS (W) (ht) > (ha).2 | THS  shows THAT
(D! =2 S2(t) =1 = 2htq =(hH) + 0 > Wby . THen, BY THe PMi , THe iNEQUALITY

forbs  Foe AL meW, m33. This Pracs Our CLAM., WE Now OBseRE miM!—-q £ m) Fop m>2.
TE M -1 is PRIME WE ARE DoONE . SUPPoSE NEXT THAT M) =1 is nNoT 4 PRIME. Since M!-1>9
THERE E&xisTs A Prive P Swe AT P} ml~7 THeN PZL Ml -1zm Assuvg P4 m.

THeN P M As P is 4 FAcrr oF ml. Since Plml Ao PliMI-1) we  Mave P[4 wha

IS A CONTRA DIcTToN., THEN MALP AND <o Mz PL M AS wE wANTES TO  Cllow.

EXERCISE 41: TFoR MeMN; M>9, SHow THAT EVERY PRIME DivisoR OF m! +1 is

AN ODD INTEGER THAT is GREATER THAN M.

SOLuTiON:  gSince m22 wE OBS®RE m! s =veN Awd So M+ §s odd. THen, 24 ml4.
THTS MEMNS TWAT EVeky PRIME Divissk ofF ml 441 s DirFerenT To 2. leT P BE A PRIME Such
THAT Pl +1 . WE Kww THT P£2L AW So P is obb. Asswe THAT Pm. T#eN p[m! Aw

SiNneE P ml44 wE GeT P|1, A ConTRadictron.  Hegnee | P S M.

EXERCISE 42: AssuMiNG THAT P is THE M-TH PRIME NUMBER, ESTABLISH THE
Fo llo WinG STATEMENTS:

() P > 2m-n  For m3E.

(i) None ofF THe INTEGERS P = jrllm'ps +A4 is A SeeFecT SQUARE |

i=t

m
(L/.L> THe SoumMm 2?— is neveR AN INTEGER.
y=v N




SoluTion.
(i) we Procsed By inducTion O M35 NoTE THAT Ps= M > =10-1= 2.5 —1. WE NexT
Assome  THAT  Ph > 2h—q Tor some h>G. OBSTRE by, is THE h-TH PRIMEAmD T is odD. Thew
by +4 1S Even whidh mems THE aexT RSSIBLE  PRIME Ts R+ . Thew Bt > Put2 . henc,
Prot 2 b #2 > 2122 =@wi2) 1 = 2 (40) ~1
This Stows THe weauAlity Holps For hil lhew T Is Tee For h.THeesFoez, By The PMI
THE  INEQUALITY )7,,. >Im-1 For MeN, m35.
(i) NoTe THAT )>,,:9_ . TH#en “ﬁ"% (S even AwD So P = ﬁk-\-/l ok BY THE DAT
WE OBSERUE  Puz 49m+Ton FoRSME  GuTm € N AND T €49423). As Pu is oo
WE HAVE Vo g fo2f Aw so, “m & [ 413}, SoPpose Now THAT Tn=A. Then Pr= 4gnt
" " ~
Which ivpies TP = lge A s T;h = 29m. Then 2]'{:\;“ AWd SINGE 2 is PRIME
There exists | (2ckem) such AT 2 ) P Awn fl (s veN. THIS iMPLES THAT R<=q Since hi=2
is THE oMy EveN FPRIME NUMBER. THis iS A ConTRADICTION SINCE k>4, THEPEFoRE Tm = 3.
Assume Now THAT Pa is A ReRFcer SQUEE - Then, TheRe exists +E€N SuCH THAT Pa=
SINCE  £'=Pn is oM wE WA THIT £ 1S opd. SO, £ = 2841 Tov SME L EN. THEN,
Hqm+3 = Pu= 25 = (22407 = HQ¥+4L2 +41 Wk  iMPLies  Jam +2 = 4R2H4L. WE THos
Have GH(L*+L —9m) =2 Amd> sivEe L7+HL-—gm eF | WE HAE Y]2 which 7S A conTRADICTION.
THS SHows THAT P IS voT A Reprecr SQUARE .

m

(dii) somose T > L is awweeER. Thew ZJ— 9 TR SwE S¢Z. leT b= W”’a

j“ 3 " A" \‘_‘
THEN, WE oBSERUE Tl_\a) \Ps B :_ _ z TP‘ e bew, tenin e
N =\ = :#Q
™M
THAT Fk ) Tr:l)‘ Avd  SINE aez/ FL/(TT—  ThAT Fb_} 2 T‘TP*
= im0 < l o
i3
Recace Thar F’l)P'L‘C For EleRy CeZ.  Thew, Fk| T'-F-' Tor SRy J4h. THIS SHOwWS THAT
=\
~m m m . “#\\
‘)k‘ Jé (Il‘_ F.) LMo e o 2(TP) .'-—l(F‘ - (TF‘>WH\‘CH YIELDS THAT
e V7T igg ik e Gk
Fkl TU P2 . Since F" is PRiME, ThHees EXxieTS XL (1224 , RFER SuCH THAT Pk] P—“ o
i=A

ifk
15 A conTeADIicTTON  AS P—Q« (s PeimE. WE TheeeFore Have 3%% .






