




















THEOREM LET DEE 241 1197f THEN 2 CAN BE EXPRESSED
AS A PRODUCT OF PRIMES THIS REPRESENTATION is UNIQUE

APART FROM THE ORDER IN WHICH THE FACTORS OCCURAND

THE SIGN WHEN d I g.FIojJ WHERE EACH rj AND

Pj is A PRIMEWESAYTHAT 2 is WRITTEN in CANONICAL FORM

EXERCISE 1 LET a EZ 227 PROVE THAT 2 is ASQUARE

IF AND ONLY IF IN THE CANONICAL FORM OF 2 ALL THE EXPONENTS

OF THE PRIMES ARE EVEN INTEGERS

SOLUTION SUPPOSE FIRSTTHAT 2 is A SQUARETHEN THERE Exists MEZ

SUCH THAT a M2 SINCE a do a WEOBSERVE M 41191 THEN BY
THE FUNDAMENTAL THEOREM OF ARITHMETIC THERE EXIST PRIMES fi kick

AND POSITIVE INTEGERS Ti kick SUCHTHAT M I
j pj WETHUS

HAVE a M2 g.lt pjhi
2

g
Tfj2 THIS SHOWS ALLEXPONENTS INTHECANONICAL

FORM OF 2 ARE EVEN CONVERSELY SUPPOSE ALLTHEEXPONENTS OFTHEPRIMES IN

THE CANONICAL FORM ARE EVEN THEN WECANWRITE a gl fjtJ WHERE pj
is A PRIME PiLpj if icj Kreisjek AND Tj o is EVEN Crejek THUS

FOR EVERY j rejek THERE Exists tjCIN SUCH THAT rj 2tj THEREFORE

a II Piri II tf IIpiti II Piti since ftp.ticE

WETHUSHAVE a is A SQUARE THERESULT Follows

Primes and the Fundamental Theorem of 
Arithmetic 



EXERCISE 2 AN INTEGER is SAID TO BE SQUARE FREE if it is NOT

DIVISIBLE BY THE SQUARE OFANY INTEGER GREATERTHAN 1 PROVE

i AN INTEGER M 1 is SQUARE FREE IFANDONLY IF M CANBEFACTORED

INTO A PRODUCT OF Distinct PRIMES

ii EVERY INTEGER m n is THE product OF A SQUARE FREE INTEGER

AND A PERFECT SQUARE

SOLUTION LET MEIN Msr THEN BYTHE F TA M CANBEWRITTEN IN

CANONICAL FORM AS Follows M IKIpjJ WHERE filled LbjL L17h

AREALL PRIMES AND TjCIN rejek SUPPOSE THERE Exists l telek
SUCH THAT re 22 THEN M

glTepjrJ
pee pe2 WHICH IMPLIES THATFILM

CONTRADICTING THAT M is SQUARE FREE THEREFORE FOR EVERY j MEJEK IT

Must BE Tj 1 So M is A PRODUCT OF Distinct PRIMES CONVERSELY WE

PROCEED BY SHOWING THECONTRARECIPROCAL Proposition is TRUE So AssumeTHAT

M is Not SQUARE FREE THEN it ADMITS A Divisor OFTHEFORMd2WHEREd 1

THEN BY EX 1 inTHECANONICAL FORM OF IZ ALLTHE EXPONENTS OFTHEPRIMES

ARE EVEN INTEGERS SINCE d 1 THERE MUST Exist A PRIME9 SUCHTHAT

921d2 THEN AS 74dLANDd2 m WETHUSHAVE 921M THISSHOWSTHAT

M PrPz pk FORDistinct PRIMES Pj AEIEk WECONCLUDETHAT IF THE
PRIMESOCCORING INTHEPRIMEFACTORIZATIONAREDistinct THENM is SQUAREFREE

THISSHOWS THAT i HOLDS WENEXTPROVE THELATTERPARTOFTHEEXERCISE

LET ME IN m 1 LET Me gl pj BETHE CANONICAL FORM OF M SINCETj
is A positive INTEGER BY THEALGORITHM Division THEOREM For every j Crejek
THERE Exist Lj pjCIN SUCHTHAT rj 2xjtfsj WHERE Rjcdoing CONSIDERNOW
THE SETS A Lj Pj o AND B L ji Pj a NOTE THATAUBELei ky



AND AN13 01 IN ADDITION

m II ti jeatuzpia.tk jIapfathi fjd.Ipj2HtPiJ f pig.fiTpjkitY
ffIati2di fiI.pi9ti ffIatiMfiI.ti listi fjeaI.ti2dilrffIsti

CONSIDER a gelatozPj2 AND bit pj NOTETHAT a b E IN NOTICETHAT

2 gl pj2dJ gkIpjNY jITpjN WHICHshows THAT 2 is A SQUARE MOREOVER

SINCE b is A product of Distinct primes By i ABOVE b is SQUARE FREE

WETHUS HAVE Me a b WHERE 2 is ASQUARE AND b is SQUAREFREE

EXERCISE3 A POSITIVE INTEGER M IS CALLED SQUAREFULL ORPOWERFUL

IF 1721M FOR EVERY PRIME FACTOR P OF M IF M is SQUARE FULL

SHOWTHAT ITCAN BE WRITTEN INTHEFORM M 22bb WITH a b CIN

SOLUTION LETMEIN SUCHTHAT M is SQUARE FOLL BY FTA MCANBE

WRITTEN AS A FINITEPRODUCT OF PRIMES LET M gl fj BE THE CANONICAL
FORM OF M SINCE M is SQUARE FULL FOR EVERY j Crejek WEHAVE

pg M THIS SHOWS THAT Nj 22 FOREVERY j rejek As XjCIN rejek

BYTHE DAT THERE Exist 9j rj cIN SUCHTHAT Xj 2qjtrj with rj c 0,14

LET CONSIDER THE SETS A Lj rj oJ AND Bi Lj rj ny NOTE ANB

AND AUB 144 1kg WEALSO NOTICE FOREVERY JEB Aj 2qjt1 ANDAj23
THEN Xj 3 2 9j n Zo WETHEREFOREHAVE

M jetausti jetati II pi IIIPitti IIIpi pi
api't II ti ftp.pi jIaCtiets5 jtIlpi Y II pi

IIAPE ftp.pj9
2
ftp.pj

3 a2b3 WHERE



d IaPE g
ftp.pjFMEIN AND bi g.LIPj C IN THE RESULT Follows

EXERCISE 4 SHOWTHATEVERY POSITIVE INTEGER WHICH HAS REMAINDER 2

in THE Division BY 3 HAS A PRIMEFACTOR WITH THIS PROPERTY ASWELL

Solution LET meIN BYTHEDivisionALGORITHM THEOREMANDTHEAssumption M3qt2

For some gEIN SINCE M 1 WEOBSERVETHERE Exists A PRIME P SUCHTHATPlm

NoteTHAT 3TP IN FACT if 31P THEN31M AND so 312 A contradiction THUS

BYTHE ADTAND since P is ANARBITRARYprime WEHAVEEVERY PRIMEFACTOR of n

is EITHER OF THE Form 3kt or 3kt2 Forsome Ke IN NOW SUPPOSE EVERYPRIME

FACTOR OF M is A PRIME OFTHEFORM 3km BY THE FTA m r is A

PRODUCT OF PRIMES NUMBERS WHICHAREALL OFTHE FORM312 7 THAT is THEREExist

Nj 70 Kj Am PRIMES Ipj frejek SUCHTHAT M gl pjN jfIf3kjtnYJ AS

THE PRODUCT OF INTEGERS OF THE FORM 3kt is ALSO OF THAT Form youCAN

PROVE THIS By induction THEREEXISTSLEIN SUCH THAT Me 3l.tl WETHUS

HAVE 3ft I e m 39 2 WHICH IMPLIESTHAT 3 l q 1 As I GEE THIS
SHOWS THAT 3 7 A CONTRADICTION HENCE IT CANNOT HAPPENTHATEVERYPRIME

FACTOR OF M is A PRIME OF THEFORM 3kt THEREFORE THERE EXISTS A PRIME

P y 1 SUCH THAT PIM AND P is OFTHE FORM 3ktJ FORSOME KEIN

EXERCISE 5 GIVEN THAT PYMFORALL PRIMES P E Tm SHOWTHATM 1

is EITHER A PRIME OR THE PRODUCT OF TWO PRIMES

SOLUTIONi Assume TO THECONTRARY THAT M 1 CONTAINS AT LEASTTHREEPRIME

FACTORS THATis Me gl pj WHEREpj is PRIME AND 1223 SINCEPj isPRIME
Ani pj M THEN BYTHEASSOMPTION pj Fm et j Ek WE THEREFOREHAVE



Me Fm Fm Fm L pn.kz103 ITPj M WHICH is A CONTRADICTION THEN

r 3 THUS RELe2b So M is EITHERA PRIME OR A PRODUCT OF 2 PRIMES

EXERCISE 6 i PROVE THAT Tp is IRRATIONAL FORANY PRIME PSA

Solution Assume TE is RATIONAL FORSOME P n THENTHERE Exist dibeIN

SUCH THAT if WITHOUTLOSS OFGENERALITY WECANASSUME god b et
THEN WE HAVE Pb 22 So Pla2WHICHIMPLIESTHAT Pla THEN d Pk

FORSOME RE IN THEN pb2 a2 Pk2 102122AND p b2 Pk2 o SincePsn

IT MUST BE b2 Pk2 THIS SHOWS THAT Pb2 AND so 17lb NOW SINCEPIA
AND Plb WE GET P gcddib 7 WHICH is A contradiction AS Psn

HENCE TF is IRRATIONAL

EXERCISE 7 IF a AND Va is RATIONAL SHOWTHAT Ta MUSTBE
AN INTEGER

SOLUTION LET a o SUPPOSE THATVa isRATIONAL THENTHERE Exist MSEIN
SUCH THAT WE AND gcd Ms 1 THIS MEANS Sma rm SINCE

gcd Ms 1 WE HAVE gcd FmSm 1 So SINCE TIM WEHAVETHAT

pmSM2 WHICH IMPLIES Mla THEN TMK 2 FORSOME KCIN THEN

FM SMa SMrm k AND M 1 Smh o AsFM 0 WE MUSTHAVE Smk4

THIS SHOWS THAT SM k 1 ANDso Sen ie s n THENSm n Acontradiction

THUS Va is IRRATIONAL

EXERCISE 8 FOR MIZ SHOW THAT Fm is IRRATIONAL

SOLUTION LET meIN m22 Suppose THATMrm is RATIONAL THEN BYEX7 FmMustBE
AN INTEGER AssumeVm a FORSOME 270 THEN am m 9 Lfilm 2MByTHE



BINOMIALTHEOREM So am 2 implies THAT a 2 Titus 2 1 THISMEANS THAT Mean 111

A contradiction THEREFORE Fm is not RATIONAL

EXERCISE 9 SHOWTHATTHEREARE INFINITELY MANY PRIMES

Solution

i supposeTHEREAREFINITELYMANYPRIMES pj regen ANDLETpmBETHELARGESTONEconsider

THE INTEGER NiePm 1 SUPPOSE THERE Exist j Crejen SUCHTHAT N pj THEN pj1N
AND Pj1pm impliesTHAT PjIn A contradiction This showsTHATN isnot in our list of
PRIMES forpz pm WETHUSHAVETHAT N is composite As N 1 THERE Exists k Creken

SUCH THAT palN SINCE thisONE of THE Factors of pm WEALSOHAVEph1pm THIS

SHOWS THAT ph N kn ANDso pale WHICH is A contradiction Asforn THEREFORE THERE

ARE INFINITELY MANY PRIMES

ie AssumeTHATTHEREAREONLY FINITELY Many PRIMES say pj rejoin LET A ELy in such
THAT IAl r AND consider a

j pj b ITPj NOTE 2ANDb HAVENocommon
jetsMHA

Factors In Addition Given j rejen WEEITHERHAVE j cA or jeduingIA THISSHOWS

FOREVERY j HEjEn EITHER pj a or Pjlb Since a n b 1 THE NUMBER atb n
MustHAVEA PRIMEFACTOR THATis Pk atb for some taken It Follows FromTHEABOVE

COMMENTS THATEITHERpkla or fjlb AssumeNEXT THAT field THEN palatb a THATis

Phlb SIMILARLY it pulls Asphlatb WE GET field WETHEREFOREHAVE 10h1gadlaib

WHICH IMPLIES THAT full Acontradiction As for 1 HENCE THEREAREINFINITELYMANY

PRIMES

EXERCISE 10 PROVETHAT if m 2 THEN THERE Exists A PRIME P SUCH

THAT M L P L M



SOLUTION LETm 2 WECLAIMTHAT MLM 1 ForEVERY mz3 To Prove ourCLAIM

WE PROCEED By induction IF m 3 THEN 3 1 6 1 533 AssumeNow h 17h

FOR SOME HEN h 3 THEN Chti htt h htt htt htt 2 THIS SHOWSTHAT

htt I 2 htt n 2h14 htt th 3 htt THEN BYTHEPmi THEINEQUALITY

HOLDS FORALL MENmZ3 THISPROVES OurCLAIM WENowOBSERVE MLM I m Form 2

IF m 1 is PRIMEWEAREDONEsuppose next THAT M n is not APrime since m n n

THERE Exists A prime p succtTHAT PI m 7 THEN PLM I m Assume pen

THEN PIM As P is AFACTOR of Ml Since PIMAND HIM 1 WE HAVE PIAWHICH

is A contradiction THEN MLPAND so m2 PLM ASWEWANTED to SHOW

EXERCISE 11 FORMEIN Msn SHOWTHAT EVERYPRIME Divisor of M th is

ANODD INTEGERTHAT is GREATER THAN M

SOLUTION since n 22 WEOBSERVE n is Eren AND se n th is ODD THEN 2tml.tn

THIS MEANSTHATEVERY PRIME Divisor of M tr is DIFFERENT to 2 LET P BEAPRIMESUCH

THAT plml.tl WEknowTHAT P42AND so P is ODD AssumeTHATPEM THENPlm AND

SINCE P1ml.tn WEGETPln Acontradiction HENCE P M

EXERCISE 12 Assuming THAT pm is THE M TH PRIMENUMBER ESTABLISHTHE

FOLLOWING STATEMENTS

i pm S 2M n FOR M25

ii NONE OFTHE INTEGERS Pm jetPj 1 is APERFECTSQUARE

iii THE SUM
j pj is NEVER AN INTEGER



Solution

i WE PROCEED By induction on MI5 NOTETHAT Ps M 9 10 1 2.5 1 WENEXT

ASSUME THAT ph 2h 1 Forsomeh 5 OBSERVE ph is THE hTHPRIMEAND it is ODDTHEN

path isEVEN WHICHMEANSTHENEXTPOSSIBLE PRIME is put2 THEN put2put2 HENCE

tht Zth127 2h112 242 1 2 ht 1

THIS SHOWS THE INEQUALITY HOLDS Forhtt WHEN it isTRUEFORhTHEREFORE ByTHEPMI

THE INEQUALITY pm 2M 1 FORMEIN m75

ii NOTE THAT pn 2 THEN j pj is EVEN AND So Pn fITpjtnisodd BYTHE DAT
WEOBSERVE Pm 4gntron Forsome quernC IN AND rn C40,112,3 As Pm isODD

WEHAVE Tm 492 AND so rn C4113 SupposeNowTHATTm 1 THEN Pm 49m14

WHICH IMPLIES II Pj 4pm ANDso IIsPj 24in THEN 2 f pjANDSINCE 2 isPRIME
THERE Exists k Czeken SUCHTHAT 2 phAND ph iseven THIS IMPLIESTHAT 12 1 Sincepi2
isTHEONLY EVEN PRIMENUMBER THIS is Acontradiction since k n THEREFORE rn 3

ASSUMENOWTHATPm is APERFECTSQUARE THEN THERE Exists tEIN SUCHTHATPn t

SINCE t2 Pm is ODD WEHAVETHAT E is ODD so t Zeta ForSOME l CIN THEN

4qnt3 Pm t zeta 2 412 411 1 WHICH implies 47M 2 41241 WETHUS

HAVE 4 12th 9m 2 ANDSINCE 12th gmEE WEHAVE4 2 WHICH is A contradiction

THISSHOWSTHAT Pm is not A PERFECTSQUARE

iii SUPPOSETHAT isANINTEGER THEN i a ForsomeaEZ LET bi f.ITsj
THEN WEOBSERVE 4 pi ftp.t IITfig pi LETKEIN IEKEM NOTE

THAT Pk IIpi AND sinceacE Pkliftpi d THAT is pk IE pi
RECALLTHAT PkPnC ForEVERY CEE THEN ppli.ITpi ForEvery jfk THIS SHOWSTHAT

i

tjprg.IEiiyIIypi NOW WEOBSERVE 4 iiftg.fi iITnPitjgyEglIIyPi WHICHYIELDSTHAT

pie iffyPi SincePr is PRIME THERE Exists e Creeen efk
SUCHTHAT PRIpe WHICH

is A contradiction As he is prime WETHEREFORE HAVE a Z
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