











DEFINITION LET M BE A FIXED Positive INTEGER TWO INTEGERS 2lb

ARE SAID TO BE CONGRUENT MODULO M SYMBOLIZED BY a b modem

OR SIMPLY d En b if M DIVIDESTHE DIFFERENCE d b

EXERCISE 1 LET MEIN m 1 BE FIXED AND albic EZ PROVE THE FOLLOWING

PROPERTIES HOLD

i a Em 2

ii if aEmb THEN bema

iii if d mbANDbEmC THEN dEmc
iv if dembTHEN dtcEmbtc FOREVERY CEE

v if 2Emb THEN 2 CEmbC FOREVERY CEZ

Vi if dEmbAND C End THEN atcEnbted
Vii IF demb AND C End THEN acenbc

Viii if d mbTHEN ak nbk FORALLREIN
IX d En Tm a WHERE Fmla DENOTES THE REMAINDER in THE Division

OF 2 by M MOREOVER if 0 Erin AND d mT THEN r Fmla

X a e mo IFF Mla
Xi 2 Em at Mot FOR EVERY 9C Z

Xii SUPPOSE C CIN THEN a En b IFF 2C Em cbc

SOLUTION LETMEINAND LETdibGd C Z

i NOTE THAT MIO AND 0 2 2 THEN Mld 2 WHICH MEANS aEnd

ie IF 2Emb THEN Mld b So MI b tn THENMlb d THATis bend

Congruences



iii IF aEmb AND b mC THEN Mld b AND M C b Now WE OBSERVE

a c a b 1b c Cd b b c a b C b WE THEREFORE HAVE

MICab Ccb WHICH YIELDS MID C THIS SHOWS a Emc

iv v SUPPOSE demb THEN MIa b ANDso Mk a b FORSOME KEE NOW

NOTE THAT Mk a b atc c b atc btc AND THEN Ml dtc ble
MOREOVER Mhc d b Ce de be AND MIde be HENCE ate mbtc
AND ACEmbc
VipVii SUPPOSE IEmb ANC C End THEN BY iv atc Embtc AND

Ctb In Itb So By iii atc in btcEmbtd SIMILARLY BY v acemcb

AND bcEmbol THEN ByCiii ac mbCmbd
Viii IMMEDIATELY BY vii ABOVE ANDA STRAIGHTFORWARD induction ARGUMENT

ix BYTHEALGORITHM Division THEOREM THERE Exist UNIQUE xipez SUCH THAT

a XMtho WHERE cPLM THEN d tinea a p MX ANDso a nFmla

MOREOVER if aEmr AND 01rem THEN a r not for some9C E THATis

a matter with Eren SinceTHE Quotient ANDTHE REMAINDER inTHE Division

of 2 BY M AREUNIQUE itmustBE g e N AND r p Fmla

X NOTE a mo IFF Mfa o IFF m I 2

Xi NOTE THAT MING THEN BY X M9Emo BY i WEALSOHAVE aend

THENI BY Vi a MY m ato THAT is 2Em atMf
Xii LETCelN suppose First a nb THEN a b Mk for some Rez THEREFORE

ac bc Cab Ce Mk C Mc.kAND so Melde be This shows acencbc

CONVERSELY if acemcbc THEN Mclac bc AND so Mckeac be FORSOMEREZ
THEN CCMk Cab 7 0 AND since cfo it must BE Mk a b WETHUSHAVE

Mld b AND so 2 mb



EXERCISE 2 PROVE EACHOFTHEFOLLOWING ASSERTIONS

i IF 2Emb AND mIm THEN a m b

ii IF 2Emb AND C 0 THEN CdEcmCb

iii IF demb AND THE INTEGERS albic AREALLDIVISIBLE By d o THEN

doe ema bar

Solution

i IF a mbTHERE is someKEE sucaTHAT a b km As mln WECANWRITE

Me M t for some TEE THEN a b km k mt ht m WHICHYIELDS m a b

WETHUS HAVE aEmb
ii SEE EXERCISE 1 Xii

iii LET 2lbm BE INTEGERSALLDivisible BY d o THENWECANWRITE 2 knotbeRad

M kz.de For some kn.kzKs EE Since aEmb THERE is someEE E such THAT

a b t m THEN ki ka th AND so da ka kn lez t.kz t.mg WHICHIMPLIES

THAT IdEngId

EXERCISE 3 IF aEmb PROVE THAT geol ain god bin

SOLUTION LET D gedlain AND d gcd bin Since a mbWEKNOW a b mk

FORSOME KEE As ollaAND d n WEHAVE d CaMk AND so dlb THEN dlb d n
IMPLIES THAT d d Similarly if d b ANDdAm THEN d mqtb THATis data

WETHUSHAVE d d SincedalotAND d d WEHAVE d d't RECALLTHAT d o d't o

EXERCISE 4 PROVETHAT 53103 10353 is Divisible By 39 AND ran t3331

is DIVISIBLE BY 7



solution WE FIRST OBSERVETHAT 5310310353is DivisibleBy39 IFF 53103103533,0
EVENMORE since 39 3.13 ANDgcd31137 1 if 3 5310710353AND 13 5310310353WE

GET 39 5310310353 so wewillshow THAT 53103 10353 is DivisibleBy 3 AND 13

As 53 3.17 2 AND 103 3.3411 WE HAVE BY EX1tix THAT 53 32 AND10331
THEN BYExilviii 53103 32

03
AND 10353 153 n Now OBSERVE

2103
3
225 1

3122 2 3452 315 2 312 32 THIS IMPLIES THAT

53103 10353 32103 1 3 2 1 33 o so 3 53103 10353 SIMILARLY WEHAVE

53 13.4 1 AND 103 137 12WHICH MEANS 103 1312 AND 53131 Now OBSERVE

103 East E Ce THEN 10353 34753
13
1 13 12 1312 IN ADDITION

53103 131 1 WETHUSHAVE53103 10353 1 12 13 o so 13 5310310353

THIS SHOWS THAT 39 53103 10353

WENEXTSHOW THAT 7 111333 333 WEOBSERVE AM 7.1516 AND 333 47.714 This

MEANS THAT 111 6
p r

AND 333 4 Now Mr
333

ce
333

1 MOREOVER

3333331 411 22 2b 6437 13 1 WETHEREFOREHAVE 7 333 t1M

SINCE 333MtMr
333

Cn 1 0

EXERCISE 5 Form 1 USECONGRUENCE THEORY TO SHOW4316Mt't72M

Solution we will proveTHAT6Mt't72Mt y O WEOBSERVE

6Mt2 72 1 436762 72 7 436736 49 7 43673616 7 4343.6 e430
WHICHARE THE PROPERTIES WEUSED TO PROVE THIS WRITETHEM I

EXERCISE 6 SHOW THAT CB
Mt
Egg CB MtCB

M
FOREVERY MEIN

SOLUTION LET S MEIN C13Th CB cB f NOTETHATSEIN OBSERVE

1 E S IFF C1372 c B C135 IFF C1372Epg 12 THENNOTEWEHAVE

C1372 C127 169 12 poor 181 1 WHICH SHOWS 181 C1332C12 ANDC132 12



THIS IMPLIES THAT I C S NOW WE ASSUME HES FORSOMEHEIN h 1 THEN

CB
htt
Egg CB htC137 WE THEREFORE HAVE

137
1 1
18,437 C13 f i3 C13htCt3 I f B 1 C137

THIS IMPLIES THAT htt E S HENCE BYTHE PRINCIPLE OF MATHEMATICAL

INDUCTION S e IN THE RESULT Follows

EXERCISE 6 PROVE THE ASSERTIONS BELOW

i IF 2 is AN ODD INTEGER THEN 22 1

ie FOR ANY INTEGER 2 EITHER 24 50 OR 24 51
iii FOR ANY INTEGER 2 EITHER 23 0 23 1 OR 23 6

iv IF THE INTEGER 2 IS NOTDIVISIBLE BY 2 OR 3 THEN22241

Solution

i SUPPOSE a C Z is ODD BYTHE ALGORITHM DivisionTHEOREM 2 40 5

WHERE 9 IT E E AND TE41134 NOTE r Lo24 As 2 is ODD THUS

22Eq qtr
2
8169

2
895152 e 52 1 SINCE 1281 AND

32 E 9 e 1

ii BY THE ALGORITHM Division THEOREM 2 54 8 WITH fire oErE4

WE OBSERVE 24
5
Gottr E 597k r Ight5 E 15 r4

k
gr4

IF 5 0 THEN 54 50 IF 5 1 THEN 54514Egl
IF 5 2 THEN 54524 g1651 IF 5 3 THEN 54534eg 81 51
HENCE EITHER 24 50 OR 24 51
iii BY THE AD T WE CANWRITE 2 30 5WHEREqcrEZ 0ErE6

THEN WE OBSERVE 23 qtr
3 r By THE BINOMIAL THEOREM NOW7 7

WE HAVE 83CLo 1,8127 64,125,216 WHICH SHOWS 1 3 70 if 5 0



83 1 if re 112,44 AND r3 y6 it re 3,516cg

iv LET DEZ SUPPOSE 242 AND 342 THEN BY THE A Dit 2 24qtr
WHERE 9IRE Z AND T E L1 5,7 11,13 17,19 J So 22

24249 722452
NOTE THAT T2EL1125,49 124169,2891361g AND THE REMAINDER INTHEDivision
of T2 BY 24 EQUALS 1 AS

1 24.0 1 49 24.211 169 24.717 361 24.151 7
25 241 1 121 24.511 289 24.1211

HENCE 22 2482 24 1 THE CLAIMFOLLOWS

EXERCISE 8 IF P is A PRIME SATISFYING MLP 22M SHOW

2mm Ep 0

SOLUTION LET MEIN RECALL THAT 2mm C IN MOREOVER WE CANWRITE

2mm 2M 2n 2M D P Mtr SINCE M P2 2n WETHUS
M M M

HAVE P 2mm M SINCE P is PRIME EITHER PIM OR P 2mm

IF PIM THEN THERE EXISTS KEIN 11k EM SUCH THAT PIK THIS
SHOWS p KIM CONTRADICTING THAT MLP THEREFORE PYM AND

so P 2mm THIS SHOWS F p
O

EXERCISE 9 i LET debC 2 AND LET P BE A PRIME NUMBER SHOW

atb
P
paPtbP

SOLUTION LET 2lb EZ AND LET PEN SUPPOSE THAT P is PRIME THEN

PZ2 So P 121 FOR EVERY KEIN SUCHTHAT 11 k EP 1 RECALLTHAT

THE NUMBER EI C IN MOREOVER OBSERVEP.lkn P k LKr 1PM
THEN PIK K FOR TE REP 7 THEN SINCE P is PRIMEEITHER



Pl k or Pl k SINCE k P WE HAVE Pfk AND so P E FOR

1 2 KEPT THIS SHOWS Pk p
0 FOR EVERY TEKE P 1 THEREFORE

BY THE BINOMIAL THEOREM

tbYEpqofE1ak.bEpb t f a b t a
p
a BP

EXERCISE 10 VERIFY THAT if a n
b AND dEnzb THEN

I En b WHERE M lcm MnMz IN PARTICULAR if MrAND

Mz ARE COPRIME denn n b

SOLUTION SINCE a mb AND 2Enzb THERE Exist sitEZ SUCH THAT

a b MaS Mz t LET d gcdMainz AND M led Mainz SINCEd m

WE HAVE Mored12FORSOME KEE THEN

a be Ma t Ma t l Mzt.mn Mrm2 t M t
dk d k k

SINCE dMz WE HAVE Med k For some R'c Z THEN Mrs Mzt

IMPLIES THAT dk.S dk t AND so d KS k't 0 As of 0 WE GET

KS k't WHICH YIELDS KIK't SINCE KANDK ARE COPRIME WEMUSTHAVE

KIT AND THE NUMBER EZ THISSHOWS Mld b AND se aEmb
NOTE M Manz if gcdMunz 1 THE RESULT Follows

EXERCISE 11 IF 2 is ANODD INTEGER SHOW 22 1 T
zntz

012

EVERY POSITIVE INTEGER M 21

SOLUTION LET a c Suppose 2 isODD WEWILL PROCEED By induction

ON ME IN IF M r THE RESULTHOLDS BY EX 6 i WE ASSUMENEXT

THAT 22
znz 1

FORSOME HEIN h 7 THEN 2h2 22 1 ANDWE



CAN WRITE 22h I 2kt q FORSOME FEZ THEN

22 y 222 1 6242 1 2hti7Cd2h_n7eCa2htn7.2ht2q
OBSERVE SINCE 2 is ODD 2 21 AND so 12 21 THEREFORE

I t 1 21 1 Ezo THIS SHOWS 2 2241 AND so 2211 2fl g EZ
HENCE 22h11 zht2 zqql zht3gg Ih t

qq1
This implies 2Mt I22h11 AND so 22 THE RESULTNow

241721
is A CONSEQUENCE OF THE PM I

EXERCISE12 PROVETHATFORAny a cIN THE UNITDIGIT OF a is 0,115OR6

Solution Since aein a CANBEWRITTENUNIQUELY INTERMSOF POWERS OF 10 AsFollows

a dk 10k WHERE areLon43,44617,494 Forevery aKEM NOTETHAT10

Divides a do SINCE d do ak10k THEN a do ANDso 24 do NoticeTHAT

dotCLol11419125136,4964,811AND fro dot EL944,516,94 WETHUS HAVE
a Iwao odo2202 oriola rnoldo µX WHERE X C4011,5 6 NOW WE

OBSERVE 24 bk10k botIfbk10kAND a obo WHEREbo is THEUNITDIGIT

OF 24 So bo a
p
X AND bo To att x THISSHOWS THE POSSIBLEVALUES

OF bo ARE 0 1 5 6 WENEXTNOTICE ALLOFTHEMARE POSSIBLEAS 04 0 14 1

54 3125 AND 24 16

EXERCISE 13 FIND THELASTTWODIGITS OF THE NUMBER 999

m
Solution Notice 999CANBEwritten uniquely As Eak 10kFor some menAND

k o
are Z oeakeg For every oeken So THELASTTwoDigits AREdoAmsar OBSERVE

THE NUMBER anao an10tao AND 99 ando ooo SINCE Okara 100 WEFURTHER

HAVE ando Moo 999 So to DETERMINE and WE will compute too 999 WENOW

OBSERVE 99 1093.3 10197 10935,09 SINCE 93 9 9 92 1 9.80 10.72



THIS SHOWS 99 109 9FORSOME g EZ WEALSO OBSERVE THAT 9 1 AND
4to

9 Ey110 41 MOREOVER 910
2

75Ezg815Ezg65Ezgf62Y.b zgM 6 2,121.6
AND so 9 Ez C476Ez 24 2,1 SINCE 25 910 1 4 910 7 AND1251411

WE HAVE 100 910 1 AND 9 1 WE THEREFORE HAVE
999 09109

9 199799Foot99 1 99Eyed't
9IN FACT 9Ey1 SHOWSTHAT 9941 AND WEALSOHAVE 9 e2514 AS

99 25318
zg
376 2,262,64 Egg14 SINCE god425 1 99 10014

WETHEREFORE CONCLUDE THELASTTWO DIGITS OF 999ARE 21 1,20 4
EXERCISE 14 SHOWTHAT AN INTEGER IS DIVISIBLE BY 4 IFF THENUMBER

FORM BY ITS TENS ANDUNITS DIGITS IS DIVISIBLE BY 4

M
SOLUTION LET de IN WECANWRITED Idk 10kFORSOME AKENWITH

12 0
ok 2k 9 NOTE ALSOTHAT 4 100 AND 100110k FOR EVERY 1222 WETHUS

HAVE 2
4 jdk.lok yaotio.at zak.lok y

10 ar t do Now if he is

DIVISIBLE BY 4 THEN 2 40 AND so 1021120 4 2 40 WHICH MEANS THE

NUMBER dado 1021120 IS DIVISIBLE BY4 CONVERSELY IF THE NUMBER

dado 1021120 IS DIVISIBLE By 4 THEN 1021120 40 AND so 2 40
THE CLAIM Follows

EXERCISE 15 FINDALLPOSSIBLEVALUES OF X Y SUCH THAT

THE NUMBER 273 4945 IS DIVISIBLE BY 495

SOLUTION LET 2 273 4945 FORSOME INTEGERS Exif 2 9 NOTEWECAN

WRITE 2 2.107 7.10613 lostX104 410319.1021 7.101 5 THAT is



7
A Idk 10 WHERE 20 5 are1,22 9 23 4 24 9 25 3126 7,27 212 0
OBSERVE ALSOTHAT 495 59.11 AND gcd 5,9en 1 WETHUS HAVE4952

IFF 512,912AND Mla NOW WE OBSERVE5140 AND so a7gdo 5 0

SINCE 10 91 WEHAVE 101291 THEN aEq oak
10K
Eg oak

THAT is 2 95 4 9 4 txt 31712 9 4130 Eq Xtyt 3 SINCE 2 90
WE GET XtYt3 q0 OR EQUIVALENT XtY q 6 ON THEOTHER HANDWE

NOTE 10Ey 1 AND so tokenC1 K THIS SHOWS 2Ey
GDkanemo AS

AnId THEN do altar 2324 asta6 27 1,5 419 4 x 3 7 2 11 4112

So WEHAVE X Y 112 p X Y 1 7 1,0 OR EQUIVALENTLY X Y4,10 SINCE

DEX YE9 WEHAVE 6 Exty 6212 AND 19 E X Y lo E n
MOREOVER 9 4 4 6 AND 11 4 4 10 impliesTHAT XtY 6 C 994AND XYtoedMoy
WETHEREFORE HAVE FOUR POSSIBLECASES

tY 15
HITE HI't HIE.IE x y r

HOWEVER SINCE X y E Z OE x y 19 THE ONLY POSSIBLE CASE is THE

CASE WHEN 1114 15 AND X 4 1 THIS SHOWS THAT 11 7 AND 4 8

HENCE THE NUMBER is 27374985

EXERCISE 16 LET amamI am 2 azanao BE A NATURAL NUMBER OF

mth DIGITS WHERE c211229 FOR OEKEM PROVE THAT THEGIVEN

NUMBER is DIVISIBLE BY 6 IFF 6 2014291422t 14am it 4am

M
SOLUTION LET D amdmn Ando NOTETHAT a 22k 10K WE

k o
NEXTCLAIM THAT 10164 FOREVERYMEIN IF Men THEN 10561064
SUPPOSE 104 64 FORSOME HEINh 7 THEN 10h Eg10.1016104 644 64
NOW THE CLAIM HOLDS BY A STRAIGHTFORWARD INDUCTION ARGUMENT



HENCE 2 6 oak10kEgdot 2k10K do t 4 ah WETHUSHAVE

6 l d IFF 6 do 42714227 t 4dm THE RESULT FOLLOWS

EXERCISE 17 GIVENAN INTEGER N LETM BE THE INTEGER FORMED

BY REVERSING THE ORDER OF THE DIGITS OF N VERIFY THATTHE

DIFFERENCE N M is DIVISIBLE BY 9

SOLUTION LET N oak10kTHEDECIMAL EXPANSION OF N WHERE0Edkk9
THEN M dmtan i to t tan 10 t do10M Leodn n 10

k
WETHUS

HAVE N M q oak10k an k Ionkeg oak am k ego
THIS SHOWS THAT 9 DIVIDES N M
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