Cong}ruehﬁes

DEENITION: |gT M Be A Fixed PoSiTIVE INTEGER. TWo INTEGERS 8,b

ARe SAiD TO BE ConNBRUENT MobyLo m, SYMBolized BY Q= lﬁ(MoiM)

OR SimMPLy, Q =, b iF M Divides THE DIFFERENCE Q-b .

EXeRCISE 1: leT meN ;m>1 Be Fixedb Avd 3/bjc €Z . PRovE THE Foltowind

ProPERTIES  HoOLD :
() 3=m 3
(i) iF 3a=mb THeN b=n3.
(ii) 1€ d=mb Aw bs,C THenw As,cC.
((v) i€ d=mb THeN d+C =, bitc For EveRy Ce?.
(V) (F d=mb THeN Q.0 =, b-C FpeweRy Cec%.
() iF d=yub AvdD C=,d THeN dte =, btd .
(Vi) (F 3=ub A Cz=md THeNn dc=.be.
(i) tE Q=pb Then ak=, loh‘ For ALc ReN.
() 3 =, Im (3) WwHsre (m(d) denores THE REMAINDER in THE MivisioN
0F 3 by M MopsoveR , (F ocrzm A A=, T THeN (= Th(d).
(X)) 8=p,0 FFE m|a.
(xi) 3=, 3+MG For €Wy geZ.
(Xii) Sueposs C enN. Then, 3=, b [FF dc =, .  be

- Mo

SoluTionN : [eT me N A leT dihgod € F.

(¢) Note THAT M| O AwD 0= 8-8. THen, m]3d-3 Whick Meaws QA =,4.

(i) TF dZmb THeNn m[B-b . So, Mm[@-b).c0)  THew, m{b-a . THAT(S, b=,3.



(i) TF d=nb AD b=nC Then M[3<b Awvs Mm[C—b. NOow  WE ORSERVE

a-c = 2 -btb-c = (@-b)+(b-<) —(a-h) —(c-b) . We ThepsFoRc HAVE
m| G-0)~(c=b) warch yiewss m|d-c . Th Spows  Q =, ¢ .

[iv,v) SUPPSE Q= mb. THewn Mla-b A so mh= a-b TFOR SOME heZ. VoW,

Nore THAT MR= &-b = Q+c-c-b :(a+c,)_(lo+c,) Avd THen  m | (340 ~(hie).

More over, mhe = (A-b)e = ac —he Avy M| dc—bl . |feNce atc =, hic

Avn dc =, be.
[Vijvii) swbbose d=wlh Are C =4 o THen, BY (iv) d+c =,bre Aw

C+b =, d+b. <o, By (it), d+C =, btc = b+d. SIMLARL | BY (v), ac=s,Ch

m
> be =, bd. THen, By (m)/ dcs,, be =, bd.
[fof) IMMEDATELY BY (vii) Apove Avd A STRATGHT CORWARS WdUCTION  ARGuMenT

[ix) By THe ALeoriThm Divisron Theorem | THeRe exisT UN(Que k({‘oéZ SuCk  THAT

A = XM +b WHere QQI"LM' THE"‘/ d — ) = 8—":: M. X Aus So, A=m ™).

MO\ZG‘O\IQR, iF 3=nT AWd oLTim  ThW, 3 — F=M3 FToe coME GEE& . TesT IS ,

Q= /W?f/-kr’ WITH  oLrsm  SiNCE THE QUOTIENT An> THE Reméwdel (v THe  DEucSion

0F & Ry M Ars wni@uE, T mMuT BE G =K A T = Tala).

(x) NoTE & =,0 I(FF m|3-0 VFF ml8 .

(xi) NotE THAT m/mer . Then BY (X)), MIL=,0 . BY (<), We Alsohbve a=,4a.

THeN, BY [Uz)/ d+my =, 340 . THAT is, Q=,34m3.

[x{() leT CelN< Syppose wereT Q=mb. THw A-b=mk TFoo somc Rez. Thepcrope,

dc—be = 8-b)c = Mk.¢ = mc.k AW o, Mme[ dc—be. T chows acs, e

CoweRsely, i dc=,.be THen me| dc—be ADd So mMck= dc-be For some Re%.

THeN,  c( Mk —-(8-b)) =0 Aw> Swwce e Fo, T MET Be Mh=Qa-b. e THUS HAE

Ml Q-b Ann SO/ Q=nb.



EXERCISE 2! PRoVE EACH OF THE TFollowiNG ASSERTIONS :

) TF Q=,b #w m|ln THEN = b
) F d=mb Mo cy>o THN CA =, Cb.

(4i1) £F Q=, b Awd THe WTE6ERS 3 bjc ARe ALL DiVisiBle By o0 , THenN

=

e
gls

R
o

SoluTioN:;
(i) IF 8=,b Teere is Some ReZ such THAT QA-b= km. AS m/m , we cAv WRITE

M= M.t For Some tEZ. THeN, 8-b = R M= R(mt) = (RE)m whitH yielos (M/a‘b_

We THus Have A=, b
(i) See exeRese 4 (xii).
(i) let 2b;m Be iNTEGeRS AL DIViSIBLE BY d>o. Then, WE CAN WRITE Q- Radl, b= koot ,

M= Rs o For Some  Ra ko ks €ZF. Since 3=ab | THERE TS SomE ¢ € Z Sucy THAT

h

d-b=t.m . Then, Ri~ke=2hks 4w so 3 _ b _ Ri—ky = t.hs = 2. M  Which jMPLiES
L o oL

THAT

b
o

&J3

2
a

EXERCiSE 2: e 8=nb | PRovE THAT qeok (3(m) = %cd(b.m).

SoLuTioN: [(eT o= %cd.CB,M) A d¥ = %QOL(b‘ ®). SiNE Qs,b we KNwW d-b=mk
FoRk Sove ReZE. As d]d dim  Wwe wave o//(&—mh) Avd SO, dlb. Then, ol/b/a///n
iupLies  Tear o/ I*. Simitiriy , i d*[b A dfm THEN o/"/mgw , TheT is d*[a

we THs Whe Jo*d. Siace J*d A d/d* we Hare od=d%  Recs vuar d >0 d*>0.

. 103 63 333 qn
EXERCISE 4: fPeove THAT 63" ~ + fo3 is DIVISIiBLE BY 39 AnvdD 411 4+ 333

1S DIViSiBLE BY F.



Y . 103 53
is DiViSiBlE BY 39 (FF B3> +o3 = O,
39

103 5
52 40>

SoLloTioN: (J& FiRST OBSERVE THAT
<> 53 ()
EVEN MORE , SiNCcE 39 - 3.13 Awd gcac( 3/13) :’1/ iF 5}‘55 +703  And 45/ 53 440353 we
o3 53 703 53
59/53 +103 . o, wE Wit Show THAT 53 +(o> {S DIVSIBE BY 3 Avd 13.
53 = 343 +2 AND 403=3.34 +1 WE HAWE | BY EXA1(iX), THAT B3=_2 Awd 403534,
103 103 53 53
53 32 And qo> = 1 4. NOW , oBserve
3
951 51 .
2= 4 .1 = 31. THS IMRLIES THAT
3
3
o. se, 3| 53" 1037,
NOW |

3
= 2 41 3 =
3
103 =4, (2 A 535, 1.
1%. TN ADPDITION,

3 13
537+ 103
3
AND 403 — [3. F 412 WHiIth MEANS
= =332 =
(EY
53
13] 55" w037

GE'I'

As

THeN ; BY Exa(vii)
2.51 +1 M
= @)1z y

3 3

{03
2 = 2
3

n

SINLARLY ; WE M
OBSERVE

2+19 =
3 3

(o>

53 5%
103 = (1) =
1% > 1>
53
1442 = 43 = O. so,
13 3

3

55 = 4>. 4 +4
o = 12 = (-0 TheN
13 3
103 103

= 1 WE THS HAE B3 + 403 =

103
5% = 1 =
1> 12

WE oBSERVE M = F.45+6  Ad  333= 4R F+Y. ThHrg
Mokzover,

1=3 53
THiS SHOWS  T#AT 35;[53 S
1

We HexT Stow THAT 7[4m° + 3"
= = 23 =
MeAns THAT 444_?e_} A 3 =, 1.
144 220 N3t 3% 33 M1 Ed
2 = 0°) 264 =4 = 4. we TeersFore Hwe 7|34 an

¥ T

333 333
= 0O = -1
}

NOW  4aq

Ll
223 =
> ¥
a1 3%
Sivee 35‘54+ A1 = (-1) 1 ;+o
. Mm+2 2M41
EXERCISE 5 : For m34, USE CoNGRueNce THEORY TO SHow 43] 6" +3

WE o®eserve

- 43.6" = o.
43

m+1L 2m+1
=us 0.

p—

6" +6"F =
43 )
wesre ThHem | |,

SoluTionN : |z wile PRove THAT 6 + F

m+L M+ M

6 +% = GM-éz‘f'@})-:’*; 6" 26 + 49" #
4z 3

WHich ARE THE PROPERTIES WE USED ToO PRovE THIS?

) M ~
EXERCISE 6 : SHow THAT (-13) = 414 (-13)”'-4—(—43)" FoR Every Mmem

SoluTioN: T S ={M6N: (-45)"‘“:—491 (_q3)m+(.43)m_ (j NOTE THAT SemnN. OBSERVE
1€ S iFF C—15)15181L—15)4+ 3 FF ) gy 1% THenN, Note WE HAVE
WHICH SHOWS (81 [ (-12)'—(-12)  Awd (-13) g, ~12.

(—45)7'— 12) = {69 +412 = 181 = 184. 1



THiS (HpLTes THAT 1€ S. Now We Assume heS, For some hen, h>1. Thew,

1 h W—1
(-12) =5, C3) + CB) | We THereFore  HAVE
) 1 W4+ w W
(—1570\ = (3) (-3 = C—ta)-[(—w)'"+c—r57u] = -3) +er |
81 (84 181

THIS [MPLiss THAT W+l € S. lence; BY tHe Pernciple ©OF MATHEMATICAL

INDUCTiON , 5 =IN. ThHe ResuvcT FolLows.

EXERCISE 6: PRovE THE ASSERTTIONS BELowW:

() TF & s AN obp iNTEGER Then AT =g4.

(i) For Any intEGER B8, eitier 3"z _o ee 37z 4.

(iid) Fow. ANy iNTEGER 3, &iTHER 33—._._.—_7_0 ) 8%=,1 oe 8°=.6.
(iv) TF THe iNTEGER & TS NOT DvisiBle BY 2 oe 3, Then azz-mq,

SoLyuTioN:

(¢) cuprosSe a & Z s obobd. BY The AlGoriter) Divisron THEOREM a;bing‘
bheke T € Z AD vTeldusf. Noe rd /ol 4s Q Ts opp. THUS,

a* =, (ha N = 697+ 897+ v? =,V =41 S 42584 And

3= 9

8 1

g
(c) BY THe ALGopiTHM Diviston Theoeem, A=59+T WithH reZE , ocvey.

y R 4k H R o
We oBseRve a";E C59r+r)”—=—s z (E)9) ¢ ESFU E.hZ(i)LS@J-'rq -
= =1

IF (=0 THeN 1"*;50. oF T=1 Then T’”ES/IL’ = 1

e =% TheN ri= 2%= 4 = iz 3= 81 =
T < 5( 51 - F (=3 Then 2 =81 =¢1.

N~ q q_
Hence ;, €iTer B =0 o' 8= 4.

= FH.
)

n

) By THe ADT WE AN wrRiTE A= 34T WhHeRE € #, 0£TE0.
Thew, We osserve Q3 =, (33.+r)354 v By THe BiNoMAL THSORGM. NOW

We #ave T2 e 4o e 23 64,125,206 whiCh SHows r’s, 0 IF T=e,



3= 1 F cefqz, 4} 4m M= 6 F Te{z 560

[iv) ler 8ecZ. Svppose 248 Aw 343, THeN, By The ADT, a= 24941

|1

2
Wheke g re Z A T € {105 2, 41,43, 13 19 k So, &152Lf(2‘f$f+r> szqu.

Note THAT > &{ 4,25/49, 12 (69,289, 360y  Auo THe RempindeR W THE Muison

oF ¥ By 24 SQUAlS 4 As
1= 240 & 9 ha _ 24.9 44 {69= 24.3+1 361 = 24. 45 +1
25=24.1 +1 24 = 24. 5 +1 289= 24.42 41

hence azzm X yy 1 THE ClAM Folrows.

i

EXERCiSE B8: TF P is A PRIME SATISFYING ML P 2L 2m , Sgow
(%) =,
m —P -

SOLUTION :  [et me N. Rechue THAT (f;\”) EMN. Hogsoucr, We AN WRME

<2m) _ (2/'\).' — (20).2m=1). .. P .. (m31) SiNte ML P2 2m . WE THUS
m M\ ) m!

khve p|(20). m!l . swee P s mme , errper  Plm! ok P{(%n)
TE Plm! Then Theee exists Rem;12kem Such tHaT b|k . Thrs

SHOWS £k £ o~ CONTRADICIWG THAT ML P. TheesFors, P Y m) Awnp

So F}[%{f’) THrS  Skows <2A14>5Po.

ExXercise 9: let &be 7 A [sT P mec A priME NUMBER . SHow

(3 +b)PE?8P+ b’

SOLUTION, [t aheZ id leT PeN. SUPPSE THAT P is PRiME . ten

P22. Sop P-124. Toe evweRy keMN Such THAT 42 k £P-1 , ReCALL THAT

—") & IN. Moreover | OBSerye P.( P—") =_® h_( P),
R

e
- k=1 ) o (oo
ThenN P} k. (E) For 1L kL P—1 . THeN, SiNCe P TS PRIME, Elther

THe NuMeeR (



Pl ox P[“;) . SiNCe k2P we HAve P Lk Awd So P/(D Foe.
1L REP-1. THIS ShOWS (E)—

:PO For Eusry 1kt P-1. Theeerors,
BY THe BINOMIAL THeORe™
v R P-k > k Pk P
@), = ()2 = 0+ Z ()3 +3° = a%+bl,
P keo k g ho v F v

EXeRCiSE 40

VERIFY TaAT IF Q=

b Awnd asm,_b Then
a:-a-‘m b WHere M= Lcm(mymz)

1

. TN PARTICULAR , iE M4 AND
My ARe CoPRiME , QA =pam, b

SolLuyTIioN :

SNCE =gy, Awbd asmb/ THeRe EXIST SLEFE Sulh TeAT

d-b=M.% = Mot . leT d= %cd(/vm.m) Ay M = Ded(myma) . sinee d[ma
WE HAve Mq=d R PR sove keZ. TheN,

a-’b: Ma.+ = Ma.t. ] = Ma.£.Mq — Maqmay +

t = Mot
di o R k
SiNcE o/[Mz WE HAE Me-ol. k' For Sove R'e 2. Then M1s = Mot
invlies  THAT  dkS=dk't Aw so d(ks-R'¢) mo. As dvo we GeT
Rs =k't which yrerpe k| R'£. SiNcE R A k' Age CoPRIME, WE MST have
RIt Avo THe nommer %eg, THTS Shows

m[a-v A so A=,b.

NOTE M= Mama (F %COCCMMMZD:/I, THe ResulT Toltows.

m
. 2
EXERCise 41: T€ 3 Is AN ObD> INTESER , Show A

= 1 For
Placs
EVERY positive [NTEGER m >1.
SOLUTION : [T Q &% . SUPPRSE Q |s obb.

WE wile Procesd BY IwduerronN

on MenN. £ M=
Zh
THAT Q = 1 Foe some hew) h>a.

THe ReswT HoLbS BY EX. 6(<). WE ASSuME NexT

W
2
TheN , 2“” A =1 AND we



CAv  WRitE 32“;4 :Qhej Fop Somg qe%. THeN,

;fw— 128 )1 2 (3P0 = 682147. ZM%EF
ObseRve <siNce & s omd |, Q=1 Ad 5o 8?}-_—-9—4%“%4 . TheksFore,
82M+4 = (+1 = 0. THS  SHows alazh-m v s, 8% - 25, 3le%.
Hence | aa“*iq _ ooy as =2m;$$\ _ ZCMIHZ‘ﬁfy\

(0 +2 | ot ad

This wREs 2 8 -1 4w s0, 3% = 1. The BeswT wow
<2(h+\)+2

I

l

s A oNSgeuencte ofF ThHe PBMm .

EXERCISE 12:  PRove THAT For Awy & eN , THE UNIT PisiT OF a¥ is 0,1,5 ok6.

SoluTion, SiNCE QEN; 3 CAN Be WRITTEN UMQUELY [N TeRms oF PoweRS oF 4o As Foliaws:

m R
3 = i ak.JO WHeRe Skeéo(atm(a,q,s,é,;’gﬁ& For ewry otkem. Nove THAT 40
R=0
m
Divives QA —AQo  SiNce &—ao:hf_-ah-lokA TieN 3d=_ 3o MDd so &L';ma.,q_ NoTice THAT
=1

10
Bo €4 o 119252649, 64,81} > Tpo (857) € {044,516, WE ThS HAve

PR
8H5| aol‘, = Qo .aoz =

Me(8). 0, (85) =« whees X €)oj; 5,6\, Now, we
0 10 10 10

m M
opscrie Q1 - = bhwo" = bot i‘ota.lo‘L A D ;|obo wheke bho s THE UNIT DIGIT
o h\:’l

oF af So, o ;'03459« AN bo - T (%) = o< . THis Shows The Possible VALues
\

of Vo Are (4,5, b. WE NexT NOTice A oF TweM ARe Possinle AS 0'=0, 4”:4/

57- 3425 A 27 = 46

9
EXERCi(SE 43: TFiNd THE LAST Two DIiGiTS ©OF THE NMNUMBER ﬂe' .

. 3 2
Solumion:  Notice 97 CAN BE WRiTTew UNiQuely AS = Sh.'Io‘z For Some meN Awd
k:o

YRS %/ 0£R£q FoR Bsry oLkim. Lo THE LAST Two DisiTs ARE Qo Aw> q, OBSERVE

ﬁ
THE NUMSER 3480 = 8110430 Ad 91 — 818 = 0 . SINCE 0£3130 £ j00 WE FuRTHR
[N

3
Wave 1o = Tyoo (,‘qu) . So,To E’TERMINE Q18 WE will COMNTE Tyeo ( ﬂﬁ ) We Now

3.2 22
ORSERVE ﬂq;w 9 _:_w(ﬁ) slﬂazlo‘l since 9°=9 = 9("-1) = 9. 80 = 10.3% .



q
THIS S#ows 9 = {09 +9 TR SoMe g€ Z. We AlSo OBSERE TuAT ﬂ;Hrp AUd

lo o lo s S 5 2
9 =1 =, 1 . HokeoE®, 9 = @1)5 81z 6 = (61>-6 = 1% 6 =6
1 L{( 25 26 25 25 25 25
(=l

> so, 9 = (6= -2 = 4. SiE 95[ 9°-1, 1| 9'°-1 A (254
25 2% 25

we Hie foo| =1 Ams 9 = 4. e THePe Fore  HAUE

100

1 109 +9 NF .
L I A U A LIS, Ry
100 100 [oo oo foo
IN Fher ;9 E‘l 1 SHOWS TeAT 97 ‘14 A WE Also kavE ‘1‘7 =, M As
9
6 = i h,15) =1 =1
L =152 ( 25 "5 ! 15 i sive ﬁd( 1) / 9 vooq

9
NE THeReFORE ConCLUDE THE [AST Two DIGITS  oF ﬁq Are Q=1 ,&o_-l(.

EXERCISE 4. SHow THAT AN iNTESER |5 Divisible BY H IFF Tees wumBER

ForMm BY TS TENS AND UNITS DiGITS (S DivisinleE BY 4.

M
. k
SOLUTION: [eT Qe IN. WE CAN WARITE 8= = 3Qp.l0 Tor Sove Apem wit

ko
oL Ak £ 9 . NOTE ALSo THAT K [400 Awp 4c><>/4<>'L For €welY b22. WE THUS

k M
Khve Q =, § 2 de. {0 z, Qo+1039 + 'Lz&uok = 10.37+ 30 . Now, {F 37
=2 Y

=0

DIVISIBLE ™ 4 THeN asqo A So 401t Qo ;Ha;qo WHIG Meawd The

NuMeER 8130 = (0Q(+do 1S Divisine BY 4. ConyeRSEly | TFE THE NUMBER
QA0 = ©A 40 S DVESIBE BY 4 Taen 03430 =, 0 #wd So 35,0.

THe A Tollows.

EXERCISE 45: Find ALL PoSSiBLE VALUES OF X, Y SuCH THAT

THE pNombeER  2F3XHAYE is Divisisleé BY 495.

SOLUTION: |z 8= 235X49Y5 Tor SoME (NTEGERS ©Lx(4 £ T Note we CAN

N S 3
WRkite 3 = 94074340+ 3 .10 +x,1oH+H.;o +°i.4ol+\[.40+5' ThAT TS



T R
R=o

OBsSeRVE AlSo THAT  HAT = 5.9.49  Awp cac;L [b’. a4) = 1. We THES HAE Ll%|a

\FE gla'ﬁla VD 4] 8. Now WE OB<ERE 5] 40 Ao So 35530 ;55_:O<

7 *
SiNce 40 = 1 WE #Ave //oh; 1 . TheN A = Zauok; S an .
q ﬁ C1 k=0 A ks=o
THAT <, agﬁ6+\;+ﬁ+w+x+3+4+15qx+\l+3o =y X+Y+ 2 . Sie Az40

we Get X+N+3 =40 OR  EQgWEMTY | X+Y =q 6. OU THe oTHerR HAMD, We
3 R T 1Y
NoTe 10 = -1  AWd So A0 = (1) . THS SHows Q= Z (D.9n = O A4S
11 m M Yoo "

44/&» THEN, Q30 -21+32 —3+dy —ds+de — 33 =, 5 VI e x =T L o Xy 2

Sowe HAE X—Y +12 = X-Y+1= O oR EQUUertLY,6 X-Y= 10. SiNCE
11 1 / M

0&£X YL WE HAE —6£ XI-CL(T fud - 19 £ X—V~10 £~1.

Moeeover, 9 | (X+1-6) Awo M| (=N -10) imdlies THAT X¥Y=6 € Jo 9] Am x4-lo6f - o

WE THepeFore MHAve Foukr POSSIRIE CAses:

X+y =6 X+ =6 X+y =15 X+Y = 15
X—4 = -1 Xy =1o -y = 40 X-y = -1

However | Since Xy € F, 02 X929 The onlf POSSIBLE CASE is THE
Chsc WHeN  X+Y =45 AvdD X~ ==4 _ TS ShHowS THAT X=F Awd Y=86.

Hence, THe NUMBER (S 2F3F4965.

EXERCIsSE 46: LeT OmOm-1 3m-2 ... A2 dq do BE A NATURAL MUMRER OF

M+l DIGITS WHERE o©o£3ARELE9Q FOoR 0Lkim. PROVE THAT THE &iveN

NUMBER s Divisisle BY & IFF 6)ao+ua«+uaz+...+43m4+qam,

m
SOLUTION . [T Q= 3mAma .. 8180 . NOTE THAT A = 5 Anfo" . We
k=o

Next Coacn oA o"s 4 For every me. TE mer  vhew 40"=, (0=, 4.
" W+ h
sweeose o = 4 For Some hew h>7. THew, {0 =, f0.00 =, 104 gé‘“/;é‘f.

Now THE CLAIM HoLbds BY A STRAGHT FORWARD {NDducTion ARGuMenT .



m
h m m
HEUC@/ Q= Z 8l = do+ Zau.ffok = Qo+ 4 Z 8r . WE THUS HAE
6 h-o 6 ") 6 k=1

bla iFF g/ao +UB F YA F. -+ HYAm . THE ResulT Follows.

EXERCISE 13 GiveN Av iNTEGER N , LeT M BE THe iNTEGER Formed

BY ReVersSiNG THe ORDER OF ThHe Di6its oF N . VERIFY THAT THE

DIFFeRence N-M (s Divisite By 9.

[
SolyTioN: [er N= = auoh The DEGMAL ExPhNston oF N, where oLdnsl.
k=o

m-1 m z m—k
TheN | M= 3m+3mad0 b+ 3110 +@0. 40 = Z Amy.10 . WE THS
M k M M—te. Mkzo m
Wave N-M = Z_8pl0 — Z Ome. 0 = = 8p —Z 3wk = O.
1 keo heo 9 ko k=0 9

THS  Stows  T#AT 9 Dividbes  N-M.
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