Linear congruences and the Chinese remainder theorem

leT 34b6 2, meN. AV EQUATION OF THE FRM 3X=mb iS
CAlted A Line’R CONGRUENCE , And By A Solution OF SocH AN
ERQUATION W& MEAN AN INTEGER Xo FOR WHICH 3 Xo =mb -

By DeFiniTion ; & Xo =, b iFF Mm|axe-b iFF 3% -b = my. FR
Somg ve?z—. THS, THe PRo®lem OF FinvdiNG ALL inNTEGERS THAT
Wit SATISFY THhE LineAR ConBruence JX =, b (s ibdewTicAL
WITH THAT OF ORTAINING ALl SoluTiONS OF THe& LineAR DioP HANTINE
EQUATION AX=—-mY = b.

LT iS CONVENIeNT TO TREAT TwoO SoluTionSd OF axsu,b THAT
ARG CoNGRUENT Mobylo m AS B&NG EQUAL! Evew Twousk THey
ARe Nor EQUAL N THE USUAL Sewnse . So, WHen WE ReFeR To

THE NuMperR OF solumionS OF aX =,b |, We MeAv THE NUMBER oOF

INCON GRUENT INTEGERS SATISFYING THis CovGBRuevCE.

THEOREM: THe LiNeAR CONGRUENCE A X =m b HAS A SoluTioN iF Awnd only

IF oLIb, Wwhere d = qcd(am) . IF odlb THen iT HAS ol MuTuALLy

INCONGRUENT SOLUTIONS Mobulo m,

Givew a,b e %, me N, we WAWT TO FiNdD ALL xe Z SUCH THWAT QAXSwmb. NOTE ThHere
EXiSTs Xe & Such THAT AX =mb FF M]ax—b |FF THers exieT X 4R
Suct THAT  AX—b = ym IFF  THERS EXT XYEZ Sulh THAT aX +emy = b
(FF THE EQUATIoN QX+ (m)y=b Hi A Solurion iFF %cd,(a,-/m): %w((a,/m)

Divides b. TForR &xAMPLE , THe EQuATION 14X =_ 5 HAS No SoluTions  SjincE

=24
qed (14, 24) = F Ave F 45,



lev d= et (a;m) . svpPose T#aT fb. WE WANT TO Solve QAXS,b. TO Do THS we
Couts Find AL Xy € B Suchd THAT  AX + (m). Y =b . THeW , AL xeFE wWE Fiwnd

Aee AL THe SoluTions oF JX=,b.

EXERCISE _1: Solve 36X = 8 AnDd 34X =gg 6o |F PoSsiBle.

= o2

SOLUTION: We FiRST OBSZRW, %cd, (36(401):‘63,((402, 36):‘6(}0{,(_36/30):ﬂcd(3°/6):é.
THEN, SiNCE 6 £ @ THE &QuiaTioN 36 X =, 8 HAs wnNo  SoluTion. oN

The oTHER HAWD, NOTE %ooo@‘//?e) SFJ (213 2.49) = 2.gcl(1349) =2.

As 2[6o |, THe caukrion 34 X S.560 KAs iNTEseRs SoLuTiows. NoTE

X Zga60 a=p 2AIK=S_ 220 amp 1FXS_ 30 amp 13X 5, 30

99 Je
=

a=h LH//PrX*BO A= 1¥ X +=49) Y = 30 KAS mnreseR Solutions.
Now , we Solug T#is DioPHANTIWE ERUATIonN . We OBSeRug
49 — 1% .2 + 45 /44:45.1+9_/ 15 = F % +1 . THiS s#owsS

A= 15— 3.4 = 16 —F.(419=15) = 8.15 —F 1% — 849 —1%2) — % 1F
B.HY — 1346 — 2. 4F = B.49 — 23 1% = 13F. (23) + (-49). (-8).

ThHeN, 417 (-23).30 + (49).(-8).30 = 3o Shows (Xy)= (690, 19%60) s
A Solotion. THen, Anvy OTHER SoluTion  HAs THE FORM

X = —690 + L/<7t For somg Choice OF +<Z. THeN, THe (NTEGERS

Xe —690 +H9£ Eor t=o,1 ARE INCONGRUSNT ModLo 98 (Bur ALL oF
THEM ARE CONGRUSNT  MObulo 49 ). THen THe (NCONGRYENT SoLuTrows

= — = —é N —J
Arc X = a8 690 AND X”‘/a 41. EQu VA LenTLY x_% 94 AVD

X;q% g . -

WE vext see AnoToeR WAY TO Sl Livede CoNGruswCes .

since o8, dlb, dim Thew Are ALl NTECERS . THew

a
A ’




AX =, b ap L dx=z= Lb Ggp 2 x = b
oL d-m - L Mmoo
a ol
SiNCE cdcol ( %/, /"‘7/) =1 THeN THESRE E&XST S5t € # SUuth THAT
1= .2 +S.m . THIs shows Tea7T 1 =_ k.2  Morcouer
Y al M oC /
U
%X;MQ azp L kxXs bhap 1xs, Lk ap Xsmhh/
M — _
24 Ey md o Ly
As The InTEGeRs Rk A M ARE COPRIMES.
o
We THUS HAVE X = Xo WHERE Xo iS THe ReMAINDER oF %h W THE

8l3

Division  BY FuRTHeRMORG, ALl THE SoLuTiows AR X= Xo + .M

&

Wheske Ete & A OL £ £d-1.

EXeRciss 2. FiNd ML xe & swy THAT 39X =, 24.

SoluTion: e FiRST omserue  feel(3%45) =3 Aw 3|24, So, THe Givew
EquatioN ks Selutions.  NOoTE  Aiso THAT 39X =, 24 a=p 13X .9
Wote  TAT  qod(1315) =1. MPeoweR, iTis Ehsy To See 4 .= F-13 +(6)15
Which iveties  F-13 = 4. Then Swee  F A 15 ARe coPrimE,

13X =5 8 a5 #BX S8 a=p X = _56 amp Xs= M.
5 15 15
THEN, THE QLTINS Are X = 171 +154& ForR Sous £E€#. NoTe THE
INTEGERS X=M+ 15 £ Wity te{gn2) ARc INCONGRUAT Modulo 45,

— Y = -~ 2 =
So, T#s Solutiong  Are X—HBM’ X\% 6 A X‘%‘M.

EXeReise 3. Fivd A d9€Z such TwaT ool (F3+2,53+3) £ 1.

SoLu T(oN: LeT o= ﬂca((;awz/ 9a+3). Then , ol 7842 Aws ol/5+3. NorE

AT ( d[ Gar).s :b{o//3sa+4o o [(35342)=(35040) 5 o [ 7.
df(s8+3). 3 df 353+21



Then, eimeR o =1 oR dsm. OBSERE o =11 (FF 41/ 33+2, m[5843,
Wz FiesT Fiwd Qe & suck THAT mf Fa+2. OBserve

/M/ 4L gq=p FHZ =, 0 a=p +a s, -7
As F AD M ARS CoPRive, THIS LineAR CONGRUENCS [HdS SOLuTiows.
Note THAT A= F (3) +11 2. ThenN 3. (-3) =4, 1. $Se,

+a

]

M~2 a=p (-3). Fa 5476-37(}1) 4=D Q 2476 As ‘%Qo((—&,/m):/(.

-

SIMILARLYY | WE ©BSERE Ml3a+3 45 5343 s, 0 4= 535 -3

NoTe 4= 52+ 1 Aws BED= a. THeN | As ged(~2m) <4,

6.

Iy

53 = -3 4p TEDA = (D)D) gp
1 1 "

Theretors, AL A& Such THT god (2342, 5a43) £ 1 Are AL oF THE

EXeReise 4: leT 8bjc €Z , meN Suth THAT xcd(c,m) =1.

Prove THAT dc =, be iFF asmb.

SolUTioN: SuppSE FiRST THT Aacs,be. TheN, M|ac-be  Whres Mg
Tt m|c(a-b). Since m A C Ape  CoPRiMe, IT FollowS m|a-b AW
Se, A=, b. SuUPPoSe NexrT T#AT asml). THeN m]| a<b  Awd $9,
m|c(a-b) < c.a—ch. T#S Shons THAT dc =, cb. Opserue THIS

ProperTy WAL used N THe PRevious &XeRCises)

Eyecrcise 5: TFiud THE SoluTioN OF THE LiNeAR CoNGRUENCE JYSTem

X =35 -F

9X =20 —1

SoluTioN: SopposSE WE (WANT TO Bawd AC TINTEQERS X Ee# SuCH THAT



AN 5X =, ~1. Siuce C%Co((Z,’BS) = geel (526) =4,

= 414

2 X =5c -+ o= 2 X 53526 Q=p X =5

5 X S, -1 5)(52625 a=p stés

T S EQUUAENT TO Tiwd Al X€& SuCh THAT X=351 Aw X5%5
xe Z s A SoluTioN oF THe SYSTEM FE Xz 36R M4 Aw> 3SR 414 =,,5 iFFP

Oeserie
And 119 we wore THere exisrs

Xz 35k+44 pudp 35k =5,-9 . Since cacd(ss,ze):z(
ke Z Sucw THAT 35k =,.-9.THew, 35k=, "9 a=p IR =, a=> k=, -1

Sine  god (n26) =1 Thew, 35ks,, ~9 <= k=269 -1 , $62.TW5, X s 4
iFE X= 35R+14 Am> k= 29 -1 FoR some 9 €# IFF Xz 35 (269 -1) +14

SolyTion
No T€ THAT THeRe S SOLyTiav SiNCE 3@((39,26) =1,

IFF Xz 35.26.4-21 , g ¢ Z.

3 1 . XT IS &ASYy 7o

SyUPPOSE Now Wg WAUT TO Solve THE  SYSTEM {
X =30 13 | THereForRe, X €&

Sec The ABoE SYSTEM 5 EQUIVALENT 1O <
X =, 8Y

IFE  X= 30k+3 Awd Bok%‘;o,

s A Solutton  TER  X= 3ok+13 pw 3okt13 =g, 23

6 410, TN, THERE S Mo SoluTion .

We wow oBserveE qed (30,84) =6  am

cacoL(ao, 84) £1 Amy THeRe IS No SoluriOw.

NoTE  fHere
We Now ConsSindeR  ThE SysTem 3X =44 13 . IT TS sASy TO Sec THAT
X =,, 13
iS €QuivAlevT To THe SYS rem X=49 | We Tous HvE
X =,,1

THIS  Sysrem
TEF X =k+9 Amd

X& £ is A solutiw  TEFE Xs#E G Ay Mkt g =, 1

We oBserve aed(ﬂ//%) /-6 Awb So THERE &xisTS SWH RE€ZE. IT

TURNS oUT  THAT AL THE Solutiovs ARe  X= Mo ffg ~19.
Note  fHere 100(- (14,20) Z1 A ThHere ARS SoluTroms.

S Awlhys EQuulenT TO A SYSTEM

InN GeweRAL, Rk LiveAR ConGruenwce  SYSTEM



OF THE TFokm X=4, 31 . Morcouer, iF %COL(/WM, my) =1 ThenN
KEMLQ'L

ThHe SYSTeM HAS SoluTion. TF c&cd( /l/vm,mz);é/r THEN BoT# CASeS Arc

PossiBle : To Hhwe A Solutrov Ok NOT .

T HeoOREM - ( CHiNese RempaindeR T#EOIZEM) leT M2, Mz, ..., M Be PosiTive INTEGeRS

Such THAT qed (Mi M) =1 For i4j . THEN THE SysTeM OoF LiNeAR

CoNngRrUENCES
X = Ma aq
)( = Mq az
X = Me 8r

HAs A SIMULTANEOUS SOLUTION , WHICH 7S UNIQUE MoBULo THe
INTEGER M=Mame ... M-, MOREOVER, Tor €EACH qLhirl ,leT

Ne= M Ao So  gqed (N, Mp) =1 . Then, THE ESQUATION
M.

N‘LX:-'M 1 HAzs A uwNiQue SeoluTiton Rk AvD  THE NUMBER
k-

X Qqa NquXa + 82NaXz + ... + c-N-Xe IS A SiMULTANEoUS

ColuTion OF THe Qivenv SYSTem.

EXERCISE 6: TFiNdD THE SoLuTiON OF THE SysTeM

X=y1, X=,2 4 Xs,o 4.

SoluTioN: NoTe THAT ﬁQoL[L/,?/w) =1 . So , tHe GiveNn SySTem HAS A
SoluTion  MOdulo M= 4.2.45 = 420, [eT 01=4, Mo =3 ms= 15. THEN
N = 15 =105, No= H45 260, Na= 4.2= 20 4vd Q1 = 1| S2=2) J3=4.
We wNow solve N1 x = 4 Ny X =, 1 Aw MNsxs, . Thew,

qu:—[M'l =D 405)(5‘11 PIEEN xsl/4



6o X ;7 <r=})4’X

In

NmeMi’l <=
1 =D /éXs'5~e a=) )(5,57-.

5454 a=p ‘2)(511,5
we Ge=T1

Ny X S g 1 a=p 28X
THEN, WE CAN THAE X1 = 4/ X2 =2 , Xs:% i SQ/
X QaN Xg + 22 No Xz +33 N3 Xz = 4, 105.1 +2.60.2 +4.28. % = 1129.
281 THen , AL SaoTions AR

=129 =,

We -T#oS #AvE
g & % .

X= Y4209 +289 ,



