














LET 2lb E Z ME IN AN EQUATION OF THEFORM DXEmb is

CALLED A LINEAR CONGRUENCE ANDBY A SOLUTION OF SUCH AN
EQUATION WEMEAN AN INTEGER Xo FOR WHICH 2Xo Emb

By DEFINITION a XoEmb IFF Mlaxo b IFF 2 0 b my FOR
SOME yoCTE THUS THE PROBLEM OFFINDING ALL INTEGERS THAT
WILL SATISFY THE LINEAR CONGRUENCE DX Emb is IDENTICAL

WITHTHATOF OBTAINING ALLSOLUTIONS OF THELINEARDIOPHANTINE

EQUATION DX my b

IT IS CONVENIENT TO TREAT TWO SOLUTIONS OF 2XEmb THAT

ARE CONGRUENT MODULO M AS BEING EQUAL EVEN THOUGH THEY

ARE NOT EQUAL IN THE USUAL SENSE SO WHEN WEREFER TO

THE NUMBER OF SOLUTIONS OF DXEmb WE MEAN THE NUMBER OF

INCONGRUENT INTEGERS SATISFYING THIS CONGRUENCE

THEOREM THE LINEAR CONGRUENCE 2X Em b HAS A SOLUTION IFANDONLY

IF d lb WHERE D geoldin IF DIB THEN IT HAS A MUTUALLY

INCONGRUENT SOLUTIONS MODULO M

GIVEN d BEZ ME IN WEWANTTO FIND ALL XEZ SUCHTHAT aXmb NOTETHERE

Exists XEE SUCHTHAT a XEmb IFF MIdx b IFF THERE Exist yEZ
SUCH THAT 2X b yn IFF THERE Exist Xiyez SUCHTHAT ax 1km y b

IFF THE EQUATION a Xtc m y b HAS A solution IFF gadlam gwda m

Divides b FOREXAMPLE THEEQUATION 1411 2,5 HAS no solutions SINCE

gcd 14 217 7 AND 745

Linear congruences and the Chinese remainder theorem



g
LET D goddim supposeTHATdlb WEWANTTOSOLVE axemb.TODo THIS WE

COULD FIND ALL MyC E SUCHTHAT ax Gm y b THEN ALL XEZ WE FIND

AREALLTHESolutions of 2X mb

EXERCISE 1 SOLVE 36XEyez 8 AND 34X Egg 60 IF POSSIBLE

SOLUTION WE First OBSERVE god36,102 god102,36 god36,30 god306 6

THEN SINCE 6 TO THE EQUATION 36X 8 HAS NO SOLUTION ON

THE OTHER HAND NOTE god 34198 egad 2.17 2.49 2gcd17,491 2

As 2 60 THE EQUATION 34X Eq 60 HAS INTEGERS Solutions NOTE

34X Eq 60 D 2.17X E 2.30 p 174 30 ID 174 493098 982

d D 49 17 30 D 17 1 149 4 30 HASINTEGERSolutions

NOW WESOLVE THIS DIOPHANTINE EQUATION WE OBSERVE

49 17.2 t 15 17 15.1 t 2 15 7.2 th THIS SHOWS

1 15 7.2 15 7 17 15 8.15 7.17 8149 17.2 7.17
B 49 17.16 7 17 8.49 23.17 17 C23 C49 C8

THEN 17 C237.30 1 149 C8 30 30 SHOWS X y 690,11760 is

A solution THEN ANY OTHER SOLUTION HAS THE FORM

X 690 1 49 FORSOMECHOICE OF TEE THEN THE INTEGERS

Xe 690 149 FOR C o 7 ARE INCONGRUENTMODULO 98 BUT ALLOF

THEM ARE CONGRUENT MODULO 49 THEN THE INCONGRUENT SOLUTIONS

ARE XEgg 690 AND X q 647 EQUIVALENTLY X qg94 AND

XEqq45

WE NEXT SEE ANOTHER WAY TO SOLVE LINEARCONGRUENCES

SINCE d 1a dlb d m THEN Zoe byeMq ARE ALL INTEGERS THEN



DXEmb epd.az l d.mqd.bzd D2aeX mqboe
SINCE god ZoeMy 7 THEN THERE Exist site E SUCH THAT

I k Zoe S Mq THIS SHOWS THAT 1
Emg

k Zoe MOREOVER

f X mqbq dad adkxemqbdkt D1 X nabzka DX mzbd.by

AS THE INTEGERS 12 AND I ARE PRIMES
do

WE THUS HAVE X mqXo WHERE Xo is THE REMAINDER OF bak INTHE
Division BYMq FURTHERMORE ALL THESOLUTIONS ARE X Xo 1 t.MN
WHERE EGE AND DEE Ed 1

EXERCISE 2 FIND ALL XE E SUCH THAT 394 4524

SOLUTION WE FIRSTOBSERVE gcoll39,45 3 AND 3 24 So THEGIVEN

EQUATION HAS SOLUTIONS NOTE ALSO THAT 3911 4524 D 1311 158
NOTE THAT gcd13195 1 MOREOVER it is EASY to SEE 1 7 13146715

WHICH IMPLIES 7.13 p 1 THEN SINCE 7 AND 15 ARE COPRIME

13KEgg 8 dad 7.13X E 7.8 ID X Egg56 Is X7,51115
THEN THE SOLUTIONS ARE X M 15 FOR SOME EEZ NOTE THE

INTEGERS 11 111 15 E WITH Cc4011,24 ARE INCONGRUENT MODULO 45

So THE solutions ARE X 11 Xe 26 AND XE 4145 45 45

EXERCISE 3 FIND ALL 2 EZ SUCHTHAT god 721 2,521 3 f 7

SOLUTION LET D god 7212,5213 THEN d 7212 AND all5213 NOTE

THAT I ddffta.at fddfzjffzq mdllz a.tn 135am DIM



THEN EITHER d 1 OR den OBSERVE dem IFF 11 7212 175213

WE FIRST FIND A EZ SUCH THAT 11 72 2 OBSERVE

11 7212 D 7212 7,0 D 72 Em 2

As 7 AND 11 ARE COPRIME THIS LINEAR CONGRUENCE HAS Solutions

NOTE THAT 1 7 C3 t 11 2 THEN 7 C3 p 2 So

72 Em 2 a C37 7 aEmc37C2 as a
p
6 As god13,117 1

SIMILARLY WE OBSERVE 11 521 3 D 5213 1,0 Red 52 7 3

NOTE 1 5 C2 t 11 7 AND 5C2
p 1 THEN As gadC2,117 1

52 p 3 D 5C2 2Emc3C2 2 Em6

THEREFORE ALL SEE SUCH THATgod 722,5213 1 1 ARE ALL OF THE

FORM 2 61 177 9 EE

EXERCISE 4 LET 2lb C EE MCIN SUCH THAT qcd c M 1

PROVE THAT 2C Em bC IFF dEmb

SOLUTION SUPPOSE FIRST THAT acembe THEN MI ac be WHICHMEANS

THAT MIda b SINCE M AND C ARE COPRIME it Follows m a b AND

so d mb SUPPOSE NEXT THAT 2Emb THEN MI a b ANDSO

MICla b C a Cb THIS SHOWS THAT 2CEnCb OBSERVE THIS

PROPERTY WAS USED IN THEPrevious EXERCISES

EXERCISE 5 FIND THESOLUTION OF THE LINEAR CONGRUENCE SYSTEM

2X 3 7

5 526 1

SOLUTION Suppose WE WANTTO FINDALL INTEGERS XEE SUCH THAT



2X 3 7 AND bX zg 1 SINCE gcd 2,35 gaol 51263 1

2X 3 7 D 2X 3
28 deep X 14

35

5X Eze 1 D 511 2625 des X zg 5

THEN IT is EQUIVALENT TO FIND ALLXEZ SUCH THAT 11 3514AND11265
OBSERVE XE Z is A solution OF THE SYSTEM ire 35km4AND 3512114 265 IFF

3512 14 AND 3512 26 9 Since god 3526 1 AND 119 WENOTETHEREExists

KEZ SUCHTHAT 3512 26 9 THEN 3512 26 9 D 912 26 9 ID 12 26 1

SINCE ged 91267 1 THEN 3512 26 9 D 12 26g n g EZ THUS X is A

solution IFF 3512 14 AND12 269 1FOR some gEE IFF 35 269 1 14

IFF X 35.26 f 21 q c Z NOTETHAT THEREissolution since goods4261 1

Suppose Now WE WANTTOSOLVETHE SYSTEM 7 X 3 1 is Easy to
3 84

It
5X

SEE THE ABOVE SYSTEM is EQUIVALENT to 4 X 3 13 THEREFORE X EE
X e2384

is A solution if 11 3012123 AND 3012113 y23 IFF 11 3012113 AND 30k 40
WE NOW OBSERVE gcd30,841 6 AND 6th THEN THERE is no solution

NOTE HERE god 3984 7 AND THERE is no solution

WE NOW CONSIDER THE SYSTEM 3
Egg13,3

It is EASY TO SEE THAT

THIS SYSTEM is EQUIVALENT to THE system Izzy9 WETHUSHAVE

XE Z is A solution IFF 11 1412 9 AND 142 9 201 IFF 11 141219 AND

14kEzo 8 WE OBSERVE god 14,6 8 ANDsoTHERE Exists Suat KEE IT

TURNS OUT THAT ALL THESolutions ARE X 10149 19

NOTE HERE god 1420 11 AND THERE ARE Solutions

IN GENERAL A LINEAR CONGRUENCE SYSTEM is ALWAYS EQUIVALENT TO A SYSTEM



OF THE FORM Emmy z MOREOVER if gcd Mn m2 4 THEN

THE SYSTEM HAS Solution IF gadCMnm2 1 THEN BOTH CASES ARE

POSSIBLE To HAVE A solution or not

THEOREM CHINESEREMAINDERTHEOREM LET Mn nz Mr BEPositive INTEGERS

SUCHTHAT gcd Mi Mj 7 FOR i f j THEN THE SYSTEM OF LINEAR

CONGRUENCES

X Em 21

X Enz 22

XEmrar
HAS A SIMULTANEOUS SOLUTION WHICH is UNIQUE MODULO THE

INTEGER M MnM2 Mr MOREOVER FOR EACH 11k Er LET

Nk M_ AND SO cd Nk Mk 1 THEN THE EQUATION
Mk

NkXImper HAS A UNIQUE SOLUTION Xk AND THE NUMBER

I an NrXn t azNzXz t t arNr Kr is A SIMULTANEOUS

SOLUTION OF THE GIVEN SYSTEM

EXERCISE 6 FIND THE Solution OF THE SYSTEM

X Ey 1 11 72 AND Keng 4

SOLUTION NOTE THAT god 47115 1 So THEGIVEN SYSTEM HAS A

Solution MODULO M 4 7.15 420 LET M 4 Mz 7 M3 15 THEN

Nn 7.15 105 Nz 4.15 60 Nz 4.7 28AND an 1 22 2 23 4

WE NOW SOLVE NnX Em h NzX mz1 AND N3Xnz1 THEN

N1X Em I D 10511 42 ID 11 41



NsXen h ID 60 X 1 ID 411 7 D 8 1 72 DX 7 2

NosX Em I D 28 751 2X gg7 D 16 758 11157
THEN WE CAN TAKE Xi 7 42 2 X3 7 So WE GET

I anNrXr 1 22NzXz 123N3X3 1.105.11 2.6021 4 28.7 1129

WE THUS HAVE X 1129 Eggo289 THEN ALL SOLUTIONSARE
X 4209 1289 9 EZ


