











 THEOREM FERMAT'S THEOREM LET p BE A PRIME AND SUPPOSE

THAT Pfd THEN DP
p
1

COROLLARY IF P is A PRIME THEN aPEpd FORANY INTEGER 2

EXERCISE 1 USE FERMAT'S THEOREM TO VERIFY THAT 17 DIVIDES

11104 1

SOLUTION SINCE 17411 THEN BY FERMAT'S THEOREM 1116
1 7 NOTICE

THAT 104 16.61 8 AND 121 112 17.71 2 THEREFORE

mhm riot die if i m in Enki 7,2 44671
WE THUS HAVE 11104

17
1 WHICH SHOWS 17 DIVIDES 1110417

EXERCISE 2 IF ged 2,357 1 SHOW THAT 212 351

SOLUTION SUPPOSE THAT god 2,35 1 THENGcd 215 C195
if qcd ai5 5 THEN 5 2 AND 5 35 IMPLY THAT 51gadcal5 1

THIS SHOWS egcd.ca57 1 SIMILARLY gcd a 77 1 WE THEN

OBSERVE b ta 742 AND SINCE 5,77 ARE PRIMES BY FERMAT'S

THEOREM 26 71 AND 24 51 WE THUS HAVE

212 262 6 2 12 1 AND 212524
3
56 n 1

THIS SHOWS THAT 7 212 1 AND 5 212 1 SINCE qcd 7157 1
WE THEREFORE HAVE 7.5 212 7 THIS SHOWS 212 351

Fermat’s Theorem



EXERCISE 3 IF gcd.ca133 gcdCb1333 1 SHOW THAT 1.33 218 b 8

SOLUTION WE FIRST OBSERVE THAT 133 7.19 SINCE geolLai1337 1

THEN god 217 gcd a119 L SIMILARLY AS gcd bi1331 1 WEGET

god bit god bi197 1 THEN SINCE 7 DOES NOT DIVIDE 2 NOR b BY
FERMAT'S THEOREM 26 1 AND b621 THIS SHOWS 26 b

6 0

AND so 7 26 bb SIMILARLY SINCE 19 ta NOR 191lb WEHAVE

2
00

191 gbd8 WHICH IMPLIES 19 218 b SINCE geol 7119 1

WE THUS HAVE 7 19 200 bro THE RESULT FOLLOWS

EXERCISE 4 FROMFERMAT'S THEOREM DEDUCETHAT 13 DIVIDES 1112M 1

FOR ANY INTEGER M ZO

SOLUTION SINCE 13411 WEHAVE 1112131 BY FERMAT'S THEOREM THEN

11
z
M
m
IM7,31 WEALSO OBSERVE THAT 121 13.9 4 AND 64 13.5 7

WETHEREFOREHAVE 116 13412 4312131344364 13135 1 13 1 THIS IMPLIES

THAT 1112
6

1,11
116 1 Ce In h HENCE 13 1112 6 1

EXERCISE5 DERIVEEACHOFTHE FOLLOWING CONGRUENCES

i a pga FORALL 2 Iii 29 302 ForALLA

SOLUTION

i 137 FERMAT'S THEOREM 25 52 AND 2332 THIS shows THAT

a a a a 25 ga24 525 a

a
3 3ItEza7 za.ab za.Ca7Eza.aZ 3

23 32
THEN 5 2 a AND 3 221 a As god 35 1 WEGET 3 5 221 a

THIS SHOWS THAT 221 152



ii BY FERMAT'STHEOREM 25 52 2332 AND 22 22 THEN

a
9
525.24ga24 525Ega

29 3 3

3
a

3
d

29 2.62 d a a 72aqa2aEza.a 222 22

THIS SHOWS THAT 5 29 a 3292 AND 2 29 2 NOTETHAT 30 53.2 ANDTHAT

gcd 5 3,2 1 WETHEREFORE HAVE 30 29 2 WHICH MEANS 29302

EXERCISE6 IF 742 PROVETHATEITHER 23 1 OR a 1 is DIVISIBLE BY 7

Solution BY FERMAT'STHEOREM WEHAVE 26 71 THEN 7 26 1 WEALSO

OBSERVE 26 1 2311 23 1 IF 7 23 1 WEAREDONE SUPPOSE NEXT

7 t 23 1 THEN god 7,2312 1 WE THUS HAVE THAT 7 231

EXERCISE 7 LET P BE APRIMEAND god app 4 USEFERMAT's THEOREM to VERIFY

p 2THAT X a b is A solution OF DX Epb SOLVE GX p 5p

SOLUTION BY FERMAT'S THEOREM a
p 1

SUPPOSE 2X pb THEN

a
2
2X paP2b But aP2dk p a X p

1 X
p X

THEN X p IP2b

WENOW USEWHATWEPROVE TO SOLVE 6X n5 It Follows THAT 9 1,695

So X p69.5 1,62 6.57,34Ed 4C3 p 12 p 1 Em10 HENCE Kento

EXERCISE 8 AssumingTHAT a AmsbAREINTEGERSNOTDivisibleBYTHEPRIME P PROVE

i IF 2P pbP THEN a pb
ii IF dPpbP THEN aPEpzbP

SOLUTION ASSUME pta Ptb THEN a Epd AND bPpb



i WEOBSERVE a paP pbP pb WHICH IMPLIES a p b

ii BY i d pb So plb d THEN be Pkta FOR SOME REZ
THEN AP BP DP IpktaP aP 3 j

i APie j i APJ

p k.am ftp pJkJaP I
p f ka zfg pi2k5gP J

Titus P2 IP bP WHICH IMPLIES 2PpzbP

EXERCISE9 EMPLOY FERMAT'S THEOREM TO PROVE THAT if P is AN

ODD PRIME THEN IP 11 2 1 3 t t P e
p

1

SOLUTION SUPPOSE THAT P is ANODDINTEGER THEN PZ3 IF a PTHEN

Pfd AND so 2
1
p 1 BY FERMAT'S THEOREM THEN

III a p Ein p
P n

p
n

WE OBSERVE THE RESULT HOLDS EVEN FOR 10 2 SINCE I CP1
P

AND 1 Ez 1

EXERCISE 10 EMPLOY FERMAT'S THEOREM TO PROVE THAT if P is AN

ODD PRIME THEN 1Pt2Pt3Pt t P e p
SOLUTION BY FERMAT'S THEOREM 2 Epa THEN

y p
a
p
P LPD p

P22k p
Pk

p
0 SINCE P r

is EVEN As P is odd

EXERCISE 11 PROVE THAT if P is ANODD PRIME AND k is AN INTEGER

SATISFYING 15k P 1 THEN Pff p
C 1 k



SOLUTION IF 10 2 IT TRIVIALLYHOLDS ASSUME P 23 WE NOTE

k Pff III ITCP j Since P j
p
j

k Pf p III P J pGFI j p
CDk k THIS SHOWS THAT

P I k PL CDk SINCE I 2KEPT WE HAVE Pt k HENCE

P DIVIDES PL C17k WHICH SHOWS Pfl p
CDk

EXERCISE 13 ASSUME THAT PAND 9 AREDISTINCTODD PRIMES SUCHTHAT

P h I f 1 IF godCa Pf 1 SHOW THAT 2 Epg 1

SOLUTION SINCE PigAREDistinct PRIMESAND god diff 4 WEHAVE

god app geol 2,97 1 THEN BY FERMAT'S THEOREM IF p 1 AND

a Eq1 SINCE P 1 If 1 WE HAVE f I RCP 1 FOR SOME KEE So

at
p
a
k

p
art k

p
1k

p
r THEN P 29 1 7 SINCE WE

ALSO HAVE g129
1 1 AND god Rf 4 Pff294 1 HENCE dotEpfl


