Wilson’s Theorem

THEOREM. (Wilson) TF P is A PRIME Then (P! =, -1

EXeERCisE 4. FiND THE ReminDER WheN ?.(26-') is TDIVOED By 29.

SoluTioN: SinCE 29 S PRIME; By WIiLSon'S TheoRewm ze\,;ﬁ_4_ We MOw OB SERVE

26.2F = 29.26 +2  wHich MEANS 29.24524)2.. THIS ShowS THAT
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2.26! = 28.23.26)= 28!
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WE THUS HAVE 2.[26)) A

RemaineeR 28 v THE Divisiov By 29.
EXercise 2. TFind THE ReMAINDER Wwhen 15! is Dbivibed BY 13,

SOLUT(ON: Since 4F IS PRiME, B8Y WilSow's THeokem WE HAVE  1¢! ;19‘_4.
WE Now woricE tHAT (- (5] = b.45) = B! = -4
ks > *
D 0450 = en.en. Hewce, (5! =
1%

THIS  ShHowS THAT

1}4 AND  THE ReMBindER oF (5| N THE

Division BY IF iS5 4.

ExcrciseE 3. SHow THAT 18! = -1
433
SoluTioN: WE FiRST NOTE 433 = 1923 . NoTE AlSe THAT 19,23 ARE PRimE.
THen, By Wilen's Tugopem 46.';1‘1—4 Ao 22! = -1, WE Now OBSERVE
22! =  22.21.20.19. 48! = 0O.CD. 3. y). 18! = 24.48! = 448! = 48!
23 23 23 23 23
Then (8! =, ~1 . WE Theterore HAE 23| 18! +1  Aw> 19| 18!41. Since
qed (123D =1 we whe 19.23 [ 18! 41 . Hence (8! = —a.
19.232

THe ConvERSE ©oF WilSon's THeoRem is Algo TRUE . Ik (W-1)!z -1
m

THeN m  MUST BE PRIME. TO See THS, SuPpose THAT- M iSs MNoT A PRAME.

THeN , M HAS A DivisoR L Wity (L Lm . NOTE THAT d £ m~1. 50

d 15 oNE FACTOR oF (W-1)! . THIS ShowS o(l (m-! | sineg ol [m




AND  m | (M=1)! +14 we HAve d[ m-n' x4 . Twis imeLies d[1

ASs 4 = M-D!+1 —(m-D! | whiCH s A CONTRABCTI oN .

THECREM: AN INVEGER M>A4 is PRME (FF (M-1)! = -1,
M

ExeReice Y.  PRoVE THAT AN inTESER m>q is PRiME FF (M-2)) =, 1.

SoluTiaN: since M A+ (M=) = Mm-—m+1 =1 WE HWE (M-q).(1) EM’I.
THIS SHows  THAT  (M-1) = 4. WE MW OBSERE  (m-0)!=, -1 iFE (M2))s,q.

b = MDD = 1 THEN -0 (m-D! EM(—O. 1 Ad So  (M=1) !5,,,,‘4 . Conversery,

Assume (M-u)!sm-4 o oTHeN  M-1)) = (@) @) — (0. M) = -1 THis
m M m

SHows (M-l = 1. we THRETORE  HAVE
m o is PrMe  iFe M-D!= ifF @D = 4.

EXERCISE G, IF M iS CoMposiTE SHow THAT (m-1)! =, 0 ExcePT WHenN m=9.

SoLuTioN: For M:z=4 we fHave  [(4-1)! = 3! ~ ¢ EHZ . ASSUME THAT M)A,
SiINCE M (S CoMPosiTE THen M= T.s FToR SoME INTESERS qLtys <M.

THEN T AND S ARe FACTORS oF W—1)\ | IF T £<S ThHeNn [ ANDS ARe

DiFFeReNT FAcTors N M-1)! . Se, ts | @~1)! | Then (m-0)!z o
m
ASSUME Now THAT [~ =S. THen M=t>. IF T 2 M  T4en
2
m= r> )(m_)L: %ﬁ A 4my m* | THS Shows M (m—y) £o

P
WHicH  IMPLIES THAT M £ 4 | A CoNTRADICTION.  THEN r41;‘j AnD 2Zm.

THeRePoRe | 2 & m~1. NOW; NOTE © Awd 2T ARs BoTiH DiFFERenT
TAcroRs oF (M- A se  r.(20) | (=)l L Then v (m-0)!
WHicH  IMties  (m-1)! =,0-

EXERCISE 6. Given A PRIME MUMBER P, ESTABLISH THE ConGRUENCE

(-l = P-n
A4L 434 .4 (1)




SoluTioN: Since P IS PRIME, BY WitSw's THeoRem (P-a)!;P~'l = P-1
?
NoTE  THAT  A+2+ 4(-1) = P.(;-0) = TR P=2 THeN THS S TRiviALLYY TRuE.
2

ASSuME  THAT P> 3. THen P-4 IS even ANd P-1" € Z . NotE P-1 2 P-a
2

Avp  so &aj_ is A TR of (P~)! whicw Shows  (P-1)! 5P|O. NoTE
=
RLSo  THAT P=1  DiVIDES P~ Awd s (E;_i) { P-0)! =P~ . WE Alse
2

Hhve  p=t | (-0O! = (-1) . SincE P s PriMeE  WE e %QCL(%,P):/I.

THS  SHows P-.P divises  (P-0O! —(P-1) . THen P-D! = P-1
2 P%'.p
Tuis  shows  (P-1)! = P-4 (M\oolz 143t HPr) )



