Fermal’s Theorem

[HEOREM: (FERMAT'sS THEOREM) LleT P BE A PRIME AND SuPPosE
THAT PJ3 . THeN aP-4 ;F't.

CoRoLLARY: TF P is A PRIME THeN a?spa ForR ANY iNTEGER Q.

EXERCISE 4: Use TFeRMAT'S THEOREM To VERIFY THAT 1F DiVibES
104

11 +1.
. 16
SOLUTION: SiNCE 43 ;41 THen By FERMAT'S THEOREM , 41 =, 1. NoTice
THAT fo4 = fe.6+8 Awd 121 = 2= 13. 3+ 2. THeReFoRE,
104 4"6"9 ¢ fe 46 8 8 Y
11 = ( ) M = 1 = (442) =2 E fo=-1.
44 1 4; 13 13 13 13 1F

WE THvS HAVE M qsﬂ% WHICH SkHowS  17F Divides 44M+4.

ExeRCise 2: TFE %u£8,35)=4 Show THAT 8“5354.

SOLUTioN: SupppsC THAT cécd,(a.w):m"rﬂeu qed (8,5) 6{3/53-
iF qed (25)=5 THeN 5|3 aws 535 imeLy THAT 5/‘3&:((3:5) =1.

THIS SHows €§ch (315) =1. SimiLARLY , 1(:&(&.?») =1. WE THEN

OBSERVE 5t38 , 343 Aw sineE 5,7 Ape PRiMES |, BY FermaT's

THeo@sM, aG’; 1 An a";s 1. WE THUS HAve

4.3 3
&42 = (86)2 1% 1 Awo &125 d = (aq) = 435 1.
¥ :;- 4 ) 5 5 5
Tais Stows ThAT F[3"-1 aw 5| a"™-41. sive qed () =1
WE THereroRe HAve 3.5 d"~1. Twis skws 3T =__ 4.
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EXERCISE 3: IF gqod (8:13%) = gqed (byam) < 1 SHow Twr 433 | 3"~ b™.

SoLuTioN: WE FiRST ORSERVE THAT 4133= 3.49. SiNCE ‘%Q&L3;453)=4
Then  qed (811) = qed (8,19) =1. SimiLakly, As qed (B1133) <1 We GeT

Cﬁcd.(br-?') = ‘&d(bﬂ‘i) =1. THeN, SINCE F Do&S Nov DivibE 3 woR b | By

6 6 6 6
Fermat's THEOREM , Q =1 A b 544_ THIS sHws 3 =h 5, 0
And  So 5}/ ab—b"_ SiniLARLY , SinCE 19 43 nor 194b  WwE HAVE
1% 1 18 13
Q El‘l 1 ;lﬁ b wHiCcH IMPLIES 43[ d —b . SiNcg QCJ(?‘ 19) =1 p

1e
WE THUS HAvE 3. 46)/&’8-40 . THe ReSuLT Follows.

2m+6

EXERCISE 4: TFrom FERMAT'S THEOREM DEDUCE THAT 43 DiVideS 41 + 4

FoR Any iNTEGER M » o.

N 2
SoLuTioN: SiNCE 134 M We WAvE 444= A BY FERMAT'S THeoRem . THeN

120 )" m
11 = (44 = 1 = 1. WE ALSo OBSERVE THAT {21=13.9+4 AND 64 = 43.5-4,
1 3 13
We THEREFRE HAVE M% = M2z A=z 4=z 64 = 13.5-4 = -1 . THiS iMPLiES
2Mm+6 em ¢ 12 13 3B 13 3
©
ThhT M = M M = A0 -4 . Hewnee , 43 | 1" .
3 3 'H
_EXERCISE 5: DERIVE EACH OF THE FolLoWiNG CoNERUENCES :
(i) a*'=z _a For ML 3 () 3%7=. 8 v s
15 / =4 .

SOLUTIiON:

(:) BY Feruat's THEOREM | 195 = 3 Awd aa-sa. ThiS SHows THAT

L]
3%z 5." =z 269 2z 03"z 23°:2 a
5 5 5 5 5
24 2
3 = (33> 5 a’ = 3-36; 3.3)=a.* = 3’ = a.
3 3 3 3 3

Then, 5[ 8™-2 e 3]a*-3. As gGed (35)=1, we GeT 3.5|3*-a.

24
This SHows THAT 4



3
A°=_3 Awp azsza. THeN,

(i) BY TFermat's THEOREM 35;58 5

/
9 5
3 z3.9"25.0"235= 4

a 4 2
3 =(7).3=3"0=z06Y5-03%=00z0z=3s.
2 2 2 2 z

THIS  SHowS THAT 5}8‘7—&/ 3/9‘7.3 AN 2)&"»3. NoTE T#AT 30=5.3.2 A4ud THAT

101(6,3,2) =1. W& TH#eRE Fore Hove 30/9'7-3 W MeANs a"z—soa.

EXERCISE 6: TF F43 Pow TwAT &ivheR 3°+1 oR 8%-1 is bpivisiBle BY 7.

. - 6
Solorion: By FERMAT's THEoRem e HAve 3 =_ 1. Then, 3] 3°-1. we fso
OBSERVE Q°-1 = (8%41).(8%-1) . =F 3| 3%41 we Ae Dowe. SuPPose  NeXT

T4 341 | THen, qed (3,3341)= 1 | WE THS BWE Thar 7]334 .

EXERCISE F: LleT P Be A PRime Aud %cot(&,P) =1. USe TermAT's TheoRem To ER'FY

2
THAT XEPQP b is A solution OF AaX EPb' Selve 66X 5445.

SoluTioN: BRY FeRMAT's Tteorem &P_';P 1. SuvbPose astb, Tten ,

p-2 p-2 P2 p -2

3 ax=a""b T 83dx= 3 X= 4x= x . THew, x= a37b.
P ? v P / P

We Wow USE WeAT ke PRowe To Solle (X =4 5. TT Follows THAT Xgﬂéﬁ.ﬁ\

Se, X

(]
)]

9 2\ 6 4
. = .6.5 _ .63 - = - = - = =
6€.5 S0 €*) =,3"D =, 4D =, -0 =5, -1 = 10 Hw, Xs 6.

11

EXERCISE 8. ASsominG TeAT Q Aws b Aee INTESeRS NOT Divisie BY The Prime& P, RRove:
. P _ P
(<) TF QA" = b b™  TH#ew as b.

(i) IF észloP THeN BPEPLbP.

SOLUTiON:  Assume pka , Ptb. Then 3 =9 4w b = b.



&EP b.

a=_aPf= bP = b whics IMAIES
0 e
So, P[b-a. T#ew, b= PR+ Fon. Some ReZ.
ik §oP-d
:‘2(5)-0)'1) A

3=1

(1) We oBscrue

G B ), aspb
P_ P 14 P p P I AP
’F&’EN/ JA b = & — [PH&) =q — é_(j)'(Pk) A

~Fraf- = [F)Ple e

= i

P
P-1 P vt el
= P (—ra" - éz(g) B rpiat J)

— P
MPCiES &’}sz .

Thes,  PH| 8%-b7  wuica
EXERCISE 9: EMpLoy TFERMAT's THEOREM —To PRovE THAT, iE P IS AN
_ _ P-1
obd> Prime , Then 40 2P 43P a4 (pp =, -1
SOLUTION : Suppose THAT P 7S AV obd WTEGER. THeN P 23.FF 2L P Tuen
P-1
BY FeRMAT's ThHeoRem. Then,

da =_1
P oy b T
= 2.1 = P-1 =

P P

> 9
P a-=

=1

PYa am So,
3
P=1
We OBseRuE THE PResouT Holpg Even sor P-2 sSwese 41 = (-1

Awnpd 452—4.
EXERQISE 4o, EMplLoy TERMAT's THEOREM —o PRovE THAT, iE P IS An
P
ovd> Prme , Then 454274 3Ph 4 (pp =59
e

SoluTioN: BY TFermAT's Toeorem, 3 EP& THeN

-1 P P-1

S a8 = 9 = PP = P 2R = P = o SiNE P-4

is EVEN As P 5 odd.

is AN INTEGER

EXERCISE  44. Peove THAT & P s Av ond PRyME A R

SATISEYiNG 12 kR4 P-1  Then (P;") = -n®.




SoluTioN: TF P=0 , =7 TRALLY Hols. AssmE P23. WE AOTE
R

R (P*’\) :M = T (P-j) . Swce P-y = - =
. (PE-! 3=t 8

s b
k! (Plj) = TP = }rj‘\) = C-ﬂk. R!' | THIS SHowd THAT

P oj=! g P
PLRI(0) —60M]  swce a2hern we wne Pl Houce,
- ) _ -k _ R
P Divbes (P‘L) 1) Wétcs  Shows (P‘Ll) ;‘, "

EXERCISE 13: Assume TwaT P Ad §  Aps DisTINeT OBD PRIMES  SUCH THAT

p-1 | 3-1. =¥ %mo(&, PR =1  SHow THAT 39’-4,—?14_,

SoLuTiON: Since P g Are DisTiveT PRimMES A sk (3 P8) =1, W& waE

I
1Q’°{(3|Pl) = ‘aeo( (8) =1 . Téen, BY FermaT's THeOReM, a 5?4 Aud

wE e g-1= R(P—1) TR souE k &£&. So,

-l
Q ? =1 . 3SwNce P lg_«(
- POk -\ R -
A 3( = (") = 1%z 4 . ven, ¢ I 3% ' SiNce  wE
' : r ' I - 3
F-1 - T
Also  wavE 5r[a -1 A gL (P,$):4 ; 1>9r/ ) 1. bence :FS,/"



